B.E.(M.D.U.)
Fird Semester Examinaion, 2009-10
Mathematics-1 (Math-1)

Note : Attempt five questions in all, selecting two questions from each part.
Part—(A)
Q. 1. (a) Test the convergence or divergence of the series ¢

Z!_\fn“ +1-vn' —lJ
Ans, Let i, =ynt+1-vnt -1

- —— e
2 4 21,8
=ﬂ2 2{-'1—41*;— ......... }
w* e’
1 1
= ——— L,
n> 80
Let us take the auxiliary sertes Zv, = E-L
nl
1 1
" ;E[Hggtwm]
Now lim—2 =lim -

For more study material Log on to http:/www.ululu.in/



= I {which is finite and non-zero}

. - , 1. .
Since the auxiliary series v, =E — Is convergent {as p=23>10). Hence by comparison test the given
n

J'eries Tu, is also convergent,
2. 1. (b) Discuss the convergence of the series
22,2 33,3 44,4
+ + +
2! 3 4!

H A

+ooreowix>0)

' n'x
Ar's. Let Uy =-———
u!
- H
(ﬂ‘i‘ l)ﬂ+l xﬂ'i-
Upsl = - T
(n+

v, L a" (n+i)}

wyyy X 0! (n+)"

" (at])
x(n+l)n+l

1 »"

X{n+ 1)

. By ratio test, Lu,, is convergent if

-1—*>l Le., x<-l

ex e

o . I .
& Eu, is divergent if — <} he, Xx>—
ex €

For - = Lic.. forx = . the ratio test fails.
[Ley <4

Applying log test,
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When
U, 1

A =e—0
M4l (1+l
n

1
nlog Hn_ _plogle——
"
LR l+-1-\
n) |

-

1 ]
= [log e—log(l+—-} \
o
{1

r
=pl - log| 1+—
nl. LL n]]

=n1- 3
I 3
{l i \
= — :
2 3n J
(!
= ——
2 3
lim [ _a 1
ﬂqwn]os[uuﬂ}_z‘:l
if x <1andisdivergem if

u. is divergent for x = — Hence the given seri¢s is convergent
e

By log test, Zu,,

XZ-. .
the values of x for which the series

Q. 1. (¢) State, with reasons,
13 4t
a converges

x
X= i p i m—teessaeeen
2 3 4

T, =x--
" 2 3 4
» |15 convergent. Applying ratio test.

Ans. Let
is absolutely convergent 1f the series Zlu

The series Eu,
g | p7 nx]
T Tl
b L
"o |x!
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ju
i) “

=ﬁ,.{[1+1}_1_]=1
ntixtt ixl

So by ratio test, the series I|u, {is convergent ifIl_I >lie., Jxt<lie, ~l<x <t
X

Myt

.. The given series is absolutely convergent and hence also convergent if —1<x <1ifjx{<1

When x =1, the given series is

l—-l-+-1—-£+........

Which converges by Leibnitz's test but converges conditionally.

Q.2. (a) Compute to four decimal places, the value of cos 32°, by use of Taylor's series.

Ans. To find cos 32° cos 32° =cos %

8n
=C0§ —-
4

Let us take cos 32° in the neighbours house of cos 30°

&t T =®
=+ 2 i=cos(x+h—k
cos(45+6 6] casix )

= fix+h-h)
= fla+h)

(811 n] n
h=f—-=|[ a==
45 6 6

poBn-d5m_m
270 90
Jlx)=cosx f[
S (xy=—sinx, f'(
j‘"(:fr)=—cos'x, f"(

fTix)=sinx, f'"(
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¥ (x)=cosx, f"’(%]=i2§and s0 on

]
Now using Taylor's series  f(x}= f{a)+ hf'(a]+% FMap........

| {an\ J3 r{( 1) M 13 (::)31(1\,
o] — f=—d — —= [+ —— X = == | — | —| — Ftereraan
45)” 7 "ol 2 o0l 2 Tloe) 3l2)

cos 32° =_‘? _%(aougz)—{z (000121945 )+715 (00000425832 )+....

= (08660254 ~ 001746 - 000052802+ 0.0000035486

cos 32° =084804 Ans.
Q. 2. (b) If p be the radius of curvature at any point P on the parabola y2 =4ax and § be its focus,
then show that p® varies as (SP)>.

Als,

P(x, y)

©.04 " s(a, 0)

| Vertex

TDirectrix {x=-a)

5P =y (x=a) +{y-0)?
(SPY =(x~a)’ + y*
=x? va* -2ax+ dax : [ yz = 4ax]
(SPY =(x+a)?
SP=x+a
(sPY =(x+a)’ e ()
Now, giveﬁ y:a =4dax
Differentiating both sides w.r. to x,
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2y-= =4qg
ydx
dy 2a
= w_=a
de oy (ii)
2 2 2
1 [‘_fl} =1 da” 447
dx },2 4ax

2
H(i}:] z(x_ﬂ]
dy x )

Again differentiating equation (ii) w.r. tox,
dzy_ 2ady 20 2a
dr? pt dx dax v
dty a
dx? Xy

X a'z
32
4
Or p2 :(fi_fi) % X zax
X a
|:)2 zi(x+a)3
a

pz = 4 (SP)3 [from equation (i)]
i1

p? o« (SP)* Hence proved
Q. 2. (c) Show that the asymptotes of the curve xlyZ =1:12(.1cz +y2) frem a square of side 2a.
Ans. Given curve is ,rzyz = az(.’c2 -+ yz)
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Since all powers of x and ) are even asymprotes arr parallel to x and y-axis.

Asymptotes Paralle! to x-axis : Equating coefficient of highest power of x to zero ie,,

y2 -a* =0

v=1 gare the asymprotes parallel to v-axis

Asymptotes Paraffel to p-axis : By equating the coefficient of highest power of y 10 zero

2 2
xc~a° =0

A

h

x = %4, are the asymptotes paraile] to y-axis. y=a
Since equation of the curve is of degree 4, it cannot have more
than four asymptotes. Thus. four asymptotes are x = +a, y = ta. which x=—a—» —X=3
tfotm: a square < >
Q.i(@aifu= x?tan™ {3/ x} —y2 tan " {x/y), evaluate
«2 a2 o a2
i Sn 8 u
X T+ Dyt y? — y=—a
éx Oxdy &y i
. T -t x
Ans. Given : 1 =x% tan !(_-_}_, )-’2 tan ™! »-}
' Lx ¥y
Let H=V—wW
- ¥ -l x
Where, v=x7 tan I(-’- , W= }_2 tan ~}| =
X i
vis a homogeneous function of degree n=2inx, v
ﬁ\z‘ '\gv A2
T i} 3 &7
Thus, x7 s + ap———+ 3 —— =n(n -1
Ax~ Xy G
=2(2-1w
=2v (i
Also, wis also a homogeneous function of degree 2 in x, »
2 2 3
3w °w & w
¥t > + 2y ——+ y2 — = 2w
&x axay a}’ (ii}
Subtracting equation {ii} from equation {i)
2 n N
& [EE PR
x* 5 (v=w)+ oy (v )+ v ,9_1. fir—w)
dx Sdy Myt
=2Av-w)
& 3u 2%
= 2 7+?.xgv——-—-¢~y2——-—H:
ox? xdy T oyl

Thus. we bave
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2 2 2 ,
%2 _'a_E+2xy_‘3___.. + y2 9%u =2 x? tan"{—}-)—yz tan ! i] Ans.
ax? axdy " @yt x y

Q. 3. (b) If £(x. y)=tan"'(xy), compute f(0.9, —1.2) approximately.

Ans. flx, yy=tan” ()
Let us expand f(x, y)near the point (1, ~I)
(09, -12)= f(1-01 -1, -02)

= f(l, -1)+[(~—m%+(~az)%]

4

2 2
[{ al)zﬂ»fz{ —0.1)( 02}§a{+{—0~ 5 f}+...,, (i)

ox? i
Now,
S, yy=tan”' iz, 3 f,-=-2
4
éiz y c . i
& l+x7y?
af x
= = ! _1)—...
ay I+x2)2
&f 2y ézf]_[)ﬂl
a1+ x5y 2
SO RN 3 S 3 2
__a”-f=___-'+”zf"2}’ S -ny=0
xBy {1+ x7y) Sy
ﬁ-i@’. azf“ =
& 1+ ax?

Putting all these vaiues in equation (i),

1109, —L2)-.——+( (Ql){——) (- oz)( ]

[( OJ)[ J+2( =01 {(~0.2)(0)+ (- 0.2)[ )] ........

- “E 500501+ -; (0.005 +002)

- __E +005-01+ 00125

F(09, ~12)=-0823 Ans,
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). 4. (a) Find the maxitmum and minimum gdistances from the origin to the curve
Sat s bxp - 5_}'2 -8=0

Ans. Let p(x, y)be any point on the curve. Distance of the point 4(0. 0} from Pix. ) s

Jx-0)? « (y-0y*
If the distance s maximum or minimumn. so will be the square of the distance.
Let flx py=xt sy e (i)
Subject to the condition Wx. p)= Sx® + fuy + 5}'2 ~8=0
Consider Lagrange's function
Flx, 3= flx y)+hdlx, v)
fFix, v) =xt 4 _v: + ?L(."‘_\'z + O+ 5 v —8)

Pup vl values W =4
L e e el de =0

A M opve
Cra Gy 101) =0
Muliiptyag equation {iu) ov xand equation (iv) by y and on adding
2x% = Ve A0 + 6oy + Gy + 10y ) =0
Ax? + 0Py (5t + @+ 57 3 =0
= Flx, 1)+ M8)=0
A= "% {using equations {i) and {ii})

I'rom equations (iii) and (iv)

lt—%(lﬂu- 6y1=0

2y--‘§(6r+]0y}=0

£ 4x- f(5x+3v)=0
4y— f(3x+3))=0

Or (45 x-3f/=0 s (V)
=3f+(4-5hHy=0 auesns (V1)

Solving equations {v} and (vi)
(37 =(4-51)

9.1t =16+25f2 ~40f
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16f2 ~40f +16=0
2f2-5f+2=0
2f1-4f-f+2=0

2/(f-2)-1{f-2)=0
(2f-(f-2)=0

1
=-—, 2
L] f 2
Thas, the maximum distance =42
=1414
& minimum distance = %
=07072 Ans.
Q. 4. {b) Evaluate J'l_(lgﬂ_t‘_:.x_l di
o l1+x
“log(1+ aw)
Ans. j_.__g________ ds
a 1+x
Let us take a=I
If logl1)
o I+ x?
Now putting x=tan b
dx =sec? 040
Whenv=0, 86=0
When : x=18==
nid
/= J-log(l+tanﬂi sec? 640
(1+tan> @)
n)‘4

/= [log(i+tan )8
L]

Appiying property equation (iv) of definite integrai
nid
1= 103{1+mn(3‘- —9)}4@
0 4
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{ tan - --—tane
1[4»‘ . S—| "
I

i+1an - tan 7]
4

it
rr—y "
=)
U“

1

nia

g 1+l—(ane 0
{ 1og]

i l+tan B
{i

=

- ;}f]egi\lﬂanej‘o

L3
I= Iloglde jlog{manewe

nid
/= jmg 201
0
w4
2= [log 246
0
n/4

=tog2J'me

= log 2{0]"*

n
2==log2
3 b4

b1
=—log 2 Ans.
8 14

Part-—(13)

Q. 5. (a) Find the volume of solid formed by revolving a loop of the !emmiscate r? =a’ cos 20
about the initial line,

Ans. For the upper half of the loop 0 varies from { 1o n/4. The curve is revolving about the witial line

i, vaxis
2 )J
Required volume - Ir sin 640
3 0
L2 :_ 2
J.mfcos 29} sin 840 I'm #* =a® cos 28|

3 0

27[(?3 rid

I(chs 8- I} 2 5in @40
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Put J2c0s 8 =secd
—/2sin 6@ =sec ptan ddd
& when =10, ¢=n/4and when 6=—, $=0
- 2na’ (j' (sec? 812 {—sec dtan ¢)d¢
n4 ﬁ
1w/
‘ﬁﬂa Itan dsec ddd
fa_-| '.\. T *
T fisee? 6-1)7 sec ddd
&
‘\ ned
'i J'(qe-, B-2sec” Arsre g e (i)

Now using the reduction formuia

0

Jsec” 4){{4):5&(1 - ¢ldn¢+ (1=2) sec”™? el
-1 (n-1
w4 r 3 R4 ‘E.l'4
e [ secS gap=| 291208 jsec o
0 L4 0
v@ 3{ { sec ptan 1:’4 1
=7*z[{‘7‘} 2 oo
V2 32t 1
=42 .2_+ flog(sec o+ tan )} J
:iz—%+~3—‘§—+§log{ﬁ+l}=1§+;;5f£(ﬁ+l)
afd /4 wd
N IS“-‘CJ‘W’:[M] . Jsecd}ddl
0 2 “ 25
_Q+ Iog(ﬁﬂ)
x/4
&

-

From equation {i). Required Volume

[sec ddg =log(+2+ 1)
0
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1’_25_‘3__[3_@¢§|0L_(\;2+1) 1[[12.4.

3 8 B [ < ]
EYNO Y a1

= -\/—-_—2-”-—’-;; Iog{\:" +1 ,,___% l

L &)

_1' logl~ " -+ !]\ +'D*‘(v’2+1)]

V= Mz w‘/“["’-h:iu«az-r 1-+2] Ans
45!' 1\.’1&
Q. 5. (b) Evaluate J f dydx by changing the order of integration.
0 xfde
du Wax
Ans. Let = j jdydx
0 xYag
y2 =4ax
\N‘}‘&a\
x2 = day
(0,0)

By changing the order of integration

4 May
I= I Idxdy
L

= J‘{x]“ N

_ 2
= j{z\@ﬂ’_},«y
b da
it L3 da
R Jdo da) 3 0
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= 5%@ (@a)* - g0y’
[t

=i

12¢%  16a’

3 3

2
= E,i‘ﬁ___ Ans.
3

Q 6. {a) Evaluase HI(xi—y+ z)dxdydz over the tefrabedron bounded by the planes x =0, y=4{.
s=0and x+y+z=1
Ans, To evaluate ‘m'(x+ ¥+ 2 Ydxdydz over the tetrahedron bounded by the planes x=0, y=0, = =0
and x+ v+ =1
I”{x+ y+ zydxdydz
= H Ay g v = lxdvd=z

Where 0 £x+ y+z <1

i
'BIRT .
S JH,HHI”_l.dH

Using Liovviile's extension

Tleleltg
1!
=—lj‘u‘u2du
3.o
;!
=-—I£¢3dﬂ
25
i
kN
21 4 0
1 a0
=-[u
8[ 0
=1 Ans
8
Q. 6. (b) Shew that
a2 nil 40
sin@dBx | ———=n
[
H o sin 6
: /2 W1
Ans. Taking L.H.S. | Vsin 6 | “ .
4 o Vsin®
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. el /2
- jgnhzecosﬁedex Iﬁn‘”zecosaede
i g

1P+1ig

ri2 it X *
I sin? Ocos? Bo=—2_1.2
-+

Z40+2  |~S4+042
2| 2 2|
2 2
AL
2 a2

- 8]
=— [E=wﬁ & n!z(n—l}r:—l!J

=(¥n)?
=x =R.HS.
Q. 7. (a} Find the constants a and & so that the surface ax? —byz =(a+2)x is orthogonal to the
surface 4x1y+ zs =4 at the point (I, -1, 2).
Ans. Given the two surfaces are
ax® ~byz =(a+2xu

& 4x2y+ 23 =4
Let & =ax —hyz~(a+2)x vone (i)
b =axPy+z’ - veer {i)
v, E[;_i?_+_}’_@+£-fi (r,\'z—byz—ax—l\‘)
o T &
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= v =t « 2)2 + (=bz )]+ (=by )i

At(l, -1 2)
Vi =(a-2) -2 + bk i
20 0 ;0 2 3
Als Vo =l i =+ j—+k->|(dx*y+2° -4
s0 & [ =% azJ{ ) )
Ve = 8oyl + v’ j+ 322
Artl -1, 2) Vi =8 +4]+ 12k o (V)
Since both surfaces are orthogonal,
Vy. Vi, =0
Na~2) —2b] + bk} -8 +4)+12k}=0"
= ~Ma-2)~8h+12b=0
-8a+4h+16=0 e (V)

Also since both surfaces are orthogonal at (1, -1, 2)so this point will satisfy the surfaces. Thus, from
first surface

a(1)? = b(=1)(2) = (a + 2)(1)
a+2b—-a-2=0
2b=2
H=1
Putting b = lin equation {v)
-8a+4(1)+16=0

-8a=-20
20
=
8
3
a=-
2

The values of g and b are -g and [.

Q. 7. (b) If vy and v, be the vectors joining the fixed points (x;, y;, z,) and (x,. yy, 2,)
respectively to a variable peint (x, », ), prove that
curl (v; x vy} =20y, —v;)

-

Ans. Vy =x;i+yj+2)k

ey R
’2 :le‘ + _l-'zj + sz
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o 1: jk
VirVa =y oy 2oy
i

P‘z Y2 oz

= 10323 = 27 b= X 32 =Xz )+ kX v = X3 9y )
FyxVy =1y 22 = 325 )+ ooz =0 20 ) ke v =2 00)

-

Now carl (1)< Fa )=V x (x5 )

] { j k |
. 2 2 e
" o N
Kviza~yazy) (xpzy—x2a) (=% ¥ )
{ﬁ 8 fa &
= Axy v —xp i ) n N ) g v ) - (T — 0y )
LEv & o oz

s 5
+k|:—i'—()‘22| =X I3 }"‘?— (’|’| o Tl i I )]
v Oy

=7 =X b=ty =2 )= Jl(ry — v ) ={wy =y N+hilz ~250~(25 -2 W)
=120 ~ 203 )= J(2ry ~2p) Y+ k(2z; - 224)

= ATxy =Xy 3+ J(3 - ¥ )+ R(zy — 2, )]

=2(xi7 + pij+ 2 k) =i+ yyf+23k)]

=2V, -Vy)

= R.H.S.

Q- 8. (a) Verify Stoke's theorem for F = (x* + y*)i -2y j taken around the rectangle bounded
by the lines x =%4a, p=04, y=5b.

Ans. Let C denote the boundary of the rectangte ABED, then

Y
Bl-a.b) y=b B(a, b)
A
X==3 s X=a
k4
> > X
D{-a, 0} y= A{a, O)
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i;. Er‘ =r{_[(_x2 + __1'2 ) —ZY)-‘}].(F:I\‘ r_}d}‘)
' =£i(.\’2 + vy = 2apdy

The curve € consisis of four lines 48, BE. ED and DA,

Aloug AB, x =u, dy =0, y varies from O to b
LB (x? y2 Yobx - 2xpdy

PR L
= _[:’ ,_Zaydy:—Z(rl[é%I =—ab?

Lo odw e (D)
Along BE, v=>b, dy=0,x varies from ¢ to —a
2 .z R
-[%.(x' + ¥ e = 2 = j(_\" + 0wy
Rl
:‘. * , i =if
=l =+ by
R
i
1 3
=4 —ah® 4 —ub*
3
.o ~2ab*
3 weee (i)

Along ED. x = ~a. dv =0,y varies from b to O
2 2 _ g o3 . _ 3
[ 6% + 37 Mx =200y = | 2avdy = -ab

Along D4, v=0, dv =0, xvarics from —a toa

3
I_ (X7 + 7 Wy = 2xvey = _r xdx = Ll
x| -t I (i‘,)
On adding equations (i), (1), (i) and (iv)
I 3 3
({F‘a’rﬁ -ah? - -zﬁ—- ~ b’ —ab? +-2—lj-—
! k) 3
= -4ab’ e (V)
- -
Now crrl F=VxF
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f_;:?]
)

-

NG 4 Lo S 24
3 2 2 H
"+ p%) -2v O]

=(-2y~ 2y =—4yk

For the surface S, =k

= curl E‘ﬁ =—4ykk=-4y

Now ,”5 curl ; ds = [? fﬂ =& yelxdy
= [ -4, dy
=-8a ﬁ yey

=—4a[ ¥4

=—dath?® wee (VD)
From equations {v) and (vi)

- —
{F.dr= [[eun F.sds
Hence venfies Sioke's theorem.

Q. 8. (b) Using divergence theorem, evaluate _[.R. Nds where § is the surface of the sphere

5
x2+y1+:2—9. '

e
Ans, To evaluate IL: AdS

Using divergence theorem,

[, 7-ds = {[faiv r av

i)
We know that b o=xi+ ¥+ zk
b S
divr=V.r
=(f£+j£+£ﬂ£ (xf + yj + 2k)
L O T v &z

o q 1%
::T‘(‘\')"'T(J’}"',’—(Z)
ax or o=
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=1+1+1
=3
From equation (i} IL:‘ ds = ”L}d v

-3fff

=3 Volume of the given sphere with rac’us 3

=.3.ﬁ:'ur‘3
3

=47’
= 4n(3y
HS: ndS =108n  Ans.
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