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Unit-1V

PARTIAL DIFFERENTIAL EQUATIONS

Overview:

In this unit we study how to form a P.D.E and various methods of obtaining solutions of P.D.E. This unit
consists of 6 sections. In section 1, we learn how to form the P.D.E. by eliminating arbitrary constants
and in section 2 we learn the formation of P.D.E by eliminating arbitrary functions. In section 3, the
solution of non homogeneous P.D.E by the method of direct integration is discussed. In section 4, the
solution of homogeneous equations is discussed. In section 5 we learn the method of separation of
variables to solve homogeneous equations. In section 6 we discuss the Lagrange’s linear equation and
the solution by the method of grouping and multipliers, at end some muliple choice questions

prominence the comprehensive unit.
Objective:
At the finish of this unit, we will be able to:

e Form Partial differential equation.

e Solve the first order linear partial differential equation

e Obtain the solution of homogeneous P.D.E by different methods.
e Obtain the solution of non homogeneous P.D.E
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Section 1:
Formation of P.D.E by eliminating arbitrary constants
Objective:
At the closing stages of this Section, we will be able to recognize:

e Toidentify P.D.E order, degree and classification of a P.D.E.
e Formation of P.D.E by elimination of arbitrary constants.

Introduction:

To start with partial differential equations, just like ordinary differential or integral equations, are

functional equations. That means the known, or unknowns, we are trying to determine the functions. In

the case of partial differential equations(PDE) these functions are to be determined from equations

which involve in addition to the usual operations of addition and multiplication, partial derivatives of

the functions.

Our objective is to provide an introduction to this important field of mathematics, as well as an entry

point, for those who wish it, to the modern, more abstract elements of partial differential equations. A

wide variety of partial differential equations occurs in technical computing nowadays

Many real world problems in general involve functions of several independent variables which give rise

to partial differential equations more often than ordinary differential equations. Most of the science and

engineering problems like vibration of strings, heat conduction, electrostatics etc., flourish with first

and second order linear non homogeneous P.D.Es.

A partial differential equation is an equation involving two (or more ) independent variables x, y and a
0z 0z 9%z 9%z

dependent variable z and its partial derivatives such as 9% 3y ox2’ 9xdy’

etc.,

e F(x,y,2,22,22 002 07 )=0
i.e., Flx,v, 2 9x’ 9y 9% amay’ ) =
Order_ of a P.D.E is the order of the highest ordered derivative appearing in the P.D.E.

Degree of a P.D.E is the degree of the highest order derivative present in the P.D.E after clearing the
fractional powers.

Partial Differential Equation
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Standard notation:

Classification of PDEs

The general form of a linear second order PDE, in the two variables zy, 5, is given
by
A’U,“ + BTL]Q + C'U.QQ + D’U,l -+ E‘UQ + Fu = f

where A.B,C,D,E,F and f all depend only on x,,z5. There is a classification
scheme depending on the values of A4, B, C; we say that PDE is:

Hyperbolic if B> — AC > 0
Parabolic if B> - AC = 0
Elliptic if B> - AC < 0.

If f =0 then the PDE is homogeneous.

If PDE is to represent a nonlinear PDE, then some of the functions A, B,C,D.E. F
depend on u. as well as on 1, 5. We do not consider nonlinear PDEs in detail in

this course.
Formation of partial differential equation by el
let (1) be an equation involving two

Differentiating (1) partially w.r.t xand v,

By eliminating a,b from(1), (2),(3), we get an equation of form
F(X, ¥, 2, P, Q)=0ceceriecreeene (4)
Which is a partial differential equation of first order.

Note:

Partial Differential Equation ]
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1. If the number of arbitrary constants equal to the number of independent variables in (1) ,then
the P.D.E obtained is of first order.

2. If the number of arbitrary constants is more than the number of independent variables, then
the P.D.E obtained is of 2™ of higher orders.

Examples:
Form the partial differential equation by eliminating the arbitrary constants.
Dz=(x+a)(y+Db)

Solution: Differentiating z partially w.r.t x and y, we get

0z
p=__=y+b

q= Z—; =x+a
= z=pq is the required p.d.e

2)z =alog(x*+y?)+b

Solution: Differentiating z partially w.r.t x and y, we get

_ 0z _  a 2% — = 2ax
Tax  x2+y? p= x2+y?
_ 0z _ 2ay
a= dy  x2+y2
x
L, BP_*x
q y

x2 y2 ZZ
3);4‘ §+C—2— 1
2 2
Solution: =+ Z—2+i—2 R S (2)

2x 2z 2y 2z
;+C—2p=0 and F+C—2q=0

x z

;+C—2p=0 ................................................. (2)
y

b_2+ci2q:O ................................................ (3)

Differentiating (2) partially w.r.t x again, we get

Partial Differential Equation | 6
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1,1
5@+ 21) = O, (4)
Now from (2), we have iz = _Zz_p

a c2x

Substituting this in (4) we get

_zp 12 _
Stz @ +2r)=0

c2

zp = (p? + zr)x is the required p.d.e.

4) Find the P.D.E of the family of all spheres whose centers lie on the plane z = 0 and
have a constant radius 'r’.

Solution: The co-ordinates of the centre of the sphere can be taken as (a,b,0) where a and b are
arbitrary, r being the constant radius. The equation of the sphere is

(x—a)?+(y—-b)?+(@z—-0)2%=r2
(x—a)?+ (y—b)?>+2z%=r?
a and b are the arbitrary constants and have to be eliminated .
Differentiating (1) partially w.r.t x and y, we get
2(x—a)+2zp =0 and
2(y—=b)+2zq=0
= (x—a)=-zp
r—b)=-2q
Squaring and adding we get
(x —a)? + (y — b)? = z%p? + z%¢>
ie. 12 —2z2=72%p?+z2q?
>ri=((p*+q¢*+1) z°
Exercise:

1. Form the partial differential equation by eliminating the arbitrary constants.

a) z=ax?+ by?
b) (x —a)? + (y — b)? = z%cot?a

Partial Differential Equation
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Exercise:

1) Form the partial differential equation by eliminating the arbitrary functions.
a)z=(x+y)px*—y?)
y
— N 7
b) z = x"f (x)

oxyz=f(x+y+2z)

Section 3
Solution of a non-homogeneous P.D.E by direct integration method
Objective:
At the end of this section we will be able to:

e Know different types of solution of a P.D.E.
e Solve non homogeneous P.D.E by direct integration

The general form of a first order partial differential equationis F(x,y,2,p,q) = O.ccvvvveennene. (1) where
x,y are two independent variables , z is the dependent variable and p = z,,q = z,,.

A solution or integral of the p.d.e is the relation between the dependent and independent variable
satisfying the equation.

Complete solution:

Any function f(,y,2,a,0) = Ouceeeevereiecrecene, (2) involving two arbitrary constants a, b and
satisfying p.d.e (1) is known as the complete solution or complete integral or primitive. Geometrically
the complete solution represents a two parameter family of surfaces .

Eg: (x + a)(y + b) = zis the complete solution of the p.d.e z = pg

Particular solution:

A solution obtained by giving particular value to the arbitrary constants in the complete solution is called
a particular solution of the p.d.e. It represents a particular surface of a family of surfaces given by the
complete solution.

Eg: (x + 3)(y +4) = zis the particular solution of the p.d.e z = pq

Partial Differential Equation
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General solution:

In the complete solution if we put b = @(a) then we get a solution containing an arbitryary function ¢,
which is called a general solution. It represents the envelope of the family of surfaces

f(x.y.2, (@) =0.

Singular solution:

Differentiating the p.d.e (1) w.r.t the arbitrary constants a and b we get

oF oF
a—OandE—O

Suppose it is possible to eliminate a and b from the three equations then the relation so obtained is
called the singular solution of the p.d.e.

Singular solution represents the envelope of the two parameter family of surfaces.
Eg: The complete solution of the p.d.ez =pqis(x +a)(y +b) =z
Differentiating partially w.r.t a and b we get

x+a=0and (y+b) =0.= z = 0is the singular solution.

Solution by Direct integration

Examples:

. 0%z _
1) Solve the equation oady x“y

. . . . a (0
Solution: The given equation can be written as P (i) = x?%y

Integrating w.r.t. x we get

0z x3y

-3 T f»)

Where f(y) is an arbitrary function of y

Integrating the above w.r.t. y we get

34,2
=22+ [ o)y + g
2= 2y +FO) + g()

Partial Differential Equation
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Where g(x) is an arbitrary function of x
This is the general solution of the given equation.

82z 0z 2

2) Solve the equation xy away %o =Y

Solution: Diving throughout by x the equation may be written as
d (62) 9z _y?
y dy\ax) odx «x

ap _y? 1dp p _
Yy, T P= or oo e
y x yoy vy

a 1
- 20)-
ay \y x

Integrating the above w.r.t. y we get

1
X

P=2y+ f0

y  x
162_2
Jax — 2 TS0

Integrating w.r.t. x we get

5 = Ylogx + [ f(x)dx+ g(7)

= z=7y2logx +yF(x)+G(y)
a ] ,
3)Solve : — — x—; = —siny — xcosy

. d . . .
Solution: We know that q=£ ,the given equation may be written as

9 _ XQ == —SINY — XCOSY urerereereerrerirererreerrereenens (1)

dy
Since x is treated as constant , this equation is a first order ordinary linear d.e in which q is the

dependent variable and y is the independent variable. For this equation
|.F=el ~%4V = g=x¥
~ The solution of (1) is

qge™ = f(—siny — xcosy)e™Ydy + f(x)

Partial Differential Equation
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= & (cosy)e™dy + f(x)
qe ™ = e cosy + f(x)

or

%z _ xy
3y — COSY +e* f(x)

Integrating w.r.ty, we get

ey
z = siny + Tf(x) +9)

Exercise:
2
1. Solve :x_azy + 9x2y? = cos (2x — y) given that z=0 when y=0 and Z—; = 0 when x=0.
2
2. Solve ;xa? = sinxsiny, given that Z—; = —2siny when x=0 and z=0 when y is an odd

multiple of g

Partial Differential Equation
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Section 4

Solution of Homogeneous equations

Objective:
At the end of this Section we will be able to:

e Solve the homogeneous P.D.E
e Obtain the particular solution of a homogeneous P.D.E using a given set of conditions.

Solution of Homogeneous equations:
In the process of solution we make use of the method of solving ordinary linear differential equations.
Examples:

.92 . a .
1) Solve the equation 6—; — a?z = 0 under the condition z=0 and é = asiny when x=0

Solution: Using the D-Operator, we write the above equation as

2 _ 2\, — -9
(D a*)z = Owhere,D—ax

Here we treat y as constant. Then this equation is an ordinary second order linear homogeneous
d.e. in which x is the independent variable and z is the dependent variable.

~TheAEism?—a?=0 =>m=+a
~G.Sis z=Ae*™ + Be ™™
Where A and B are arbitrary function of y

0z _
Now Pl Aae® — Bae %*

Using the given condition i.e., z=0 and Z—i = asiny whenx=0
asiny = Aa — Ba = a(A — B)
0= A+B
= A — B =siny
A+B=0

Solving the above simultaneous equations

Partial Differential Equation
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2A = siny
1,
=>A= 5 siny
B = —% siny

The solution is
1 .
z=3 (e*™ — e~ ™)siny

z = sinhax siny

. 0%z 0z . 0z
2) Solve the equation — — 2 T 2z = 0 Given that z=e” and Pl 0 when x=0

0x2
Solution: The given equation can be put in the form
(D? — 2D + 2)z = 0 where D=%
If y is treated as constant , then the above equation is a O.D.E with the A.E
(m? — 2m + 2)=0
>m=1%1
~The G.Sis z = e*(Acosx + Bsinx)

Where A and B are arbitrary functions of y

0z
i e*(Acosx + Bsinx) + e*(—Asinx + Bcosx)

g—i=ex[(A + B)cosx + (B — A)sinx]

But %=0

=0=B+A

And z=e” when x=0

—er =4

=>B=-eY

~ z=e*[eYcosx — e¥sinx]

= z=e**tY[cosx — sinx]

Partial Differential Equation
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2
3. Solve the equation

u . L ou
= — using the substitution the — =V.

OXoy  OX OX
2 2
Sol: Since we have o\ = ou
o0Xoy 0y oX
given PDE can be rewritten as
ov ou
— =V, where v= —
oy 0X
or 8_v -v=20
oy
By considering it as a ODE we can write it as
LUV =(D-1)v=0
dy
A.Eism-1=0 = m =1
.. the solution is given by v = f (x)e’
ou
ie, —= f(x)e’
OX *)
On integrating w. 1. to X, we get
u=F(x)e’ +g(y) where F(x)zj f (x)dx
Exercise:
23u ou
1. Solve oxiay oy
2. Solve (ud — 3u2u, + 2uu,)z =0
Partial Differential Equation
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Section 5

Method of separation of variables

Objective:
At the end of this unit reader will know:

e The method of separation of variables
e How to obtain the solution of P.D.E by the method of separation of variables.

Method of separation of variables:

This method consists of the following steps

1. If xandy are indepent variables and z is the dependent variable, we find a solution of the given
equation in the form z=XY, where X=X(x) is a function of x alone and Y=Y(y) is a function of y
alone.

Then, we substitute for z and its partial derivative (computed from z=XY) in the equation and
rewrite the equation in such a way that the L.H.S involves X and its derivatives and the R.H.S
involves Y and its derivatives.

2. We equate each side of the equation obtained in step 1 to a constant and solve the resulting

O.D.EforXandY.
3. Finally we substitute the expression for X and Y obtained in step 2 in z=XY. The resulting
expression is the general solution for z.

Examples:

: . ) d
1) By the method of separation of variables solve the equatlona—i y3 + £x2 =0

Solution: Let the solution be in the form z=XY where X=X(x) and Y=Y(y)

Putting these in the given equation we get

(a—XY)y3 + (Xa—y)x2 =0or

ox dy

dX dYy
i 3 - _ )42
(") =- ()=

1(dX)1_ 1<dY)1
X\dx/x2 Y \dy/y3

L.S.H is a function of x only and R.S.H is a function of y only

Partial Differential Equation
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Since x and y are independent variables , this expression can hold only if each side is a constant i.e.,
1 (dXx\ 1 1/dy\ 1 .

= (—) —=kand —= (—) — = k where kis a constant

X \dx/ x2 Y \dy/ y3

These may be written as

(@) =i and 5(F) = —ky?

4 — Jox2 a — L3
dx(logX) = kx“ and o (logY) = —ky
Integrating w.r.txandy we get

3 4
logX = kx?+ logC; and logY = —kyT+ logC,

x3 y4
K -k
= X=C(Ce 3 and Y =C(Ce "+

Where C; and C, are constants
%3 y4
vz =XY =Ae"Te™r where A=C, C,

2) Using the method of separation of variables solve o _ 2 2—1: + u where u(x,0)=6e 3%

ax
Solution: Here x and t are independent variables and u id the dependent variable
Let the solution be in the form u=X(x)Y(t)

.au_dXYt dau_X dy
" ox - dx B andZE=X0) o

The given equation takes the form

dx day
——Y(®) =2X@) -+ X()Y ()

dXx dy
(——X)Y =2X—

dx dt
1dX _2dY
Xdx ~ Ydt
1dx _ 2dy _
:}E—l—kand Ydt_k

d—X=(k+1)dx and ¥ =%g
X Y 2

On integration we get

Partial Differential Equation
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logX = (k+1)x + logC; and logY = %t + logC,

k
=X =Ce®Dx and Y = Ce?t

-~ The required solution is

U=XY=A e(+Dx3 where A=C,C,
But u(x,0)=6e 3%

= Ge 3X =Ae(k+1)x

> A=6andk+1=-3

> A=6andk =—-4

u= 6e—(3x+2t)
3. Solve 8—“ = a—u+ u
ox ot

Solution: Let the solution be in the form u = XT where X=X(x) and T=T(t)

X 0T
OX OX ot ot

Putting these in the given equation we get

TR ox T xror LAX_20T
OX ot X ox T ot

LHS is a function of X only and RHS is of T alone

Since x and t are independent variables, this expression can holds only if each side is a
constanti.e.,

1 dX 2 dT
1dX_ .
X dx T dt
Lax —kdx  and  LdT =51t
X T 2

Partial Differential Equation
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LogX =kx+Logc, and LogT = %t + Logc,

Log X _kx and Log T k=1
C, c, 2

k-1
—t
X =ce® and T=c,e?
Then the complete solution is given by
Kx ﬂt kx — Et
u=XT =ce"c,e? =ce 2

4. Solve xp = yq by the method of seperation of variables.

0z 0z
Solution:We have the PDE: X—=Y —
OX oy

Let the solution be in the form z = XY where X=X(x) and Y=Y(y)
ou oX ou oY

—=Y— and —=X—
OX OX oy oy

Putting these in the given equation we get

xYa—XzyXa—Y:>ia—X:yaY
OX oy X ox Yoy

Ld_xzk and ld_Y:k

X dx Y dy

d_X:kd_X and d_Y:kd_y
X X Y y

LogX =kLogx + Logc, and LogY =KkLogy + Logc,

X =x*c, and Y = y“c,
The solution is given by

z=XY = cx"yk=c(xy)k

Partial Differential Equation
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0%z
OX0Y

=7

4. Solve

Solution: Let the solution be in the form z = XY where X=X(x) and Y=Y(y)

oz, oY 0 (azj_ 0’z oX oY

—=X— and —| — |= =
oy oy ox\ oy ) oOxoy oOx oy

Putting these in the given equation we get

oX oY 1 oX Y
——= XY = — —=——
OX oy X ox oY

oy

LHS is a function of X only and RHS is of Y alone

Since x and y are independent variables, this expression can holds only if each side is a

constanti.e.,

1 dX Y
Y d_X_ k and E— k
dy
L dX =kdx and ldy = a
X k Y

LogX =kx+Logc, and LogY ==+ Logc,

X =ce” and Y =c,e

.. The solution is given by

Y ey
Z=XY=ce"-cek=ce ¢
2
6.Solve L2 22, 02 _
OX oX oy

Solution: Let the solution be in the form z = XY where X=X(x) and Y=Y(y)

2 2
oz _ X &z_ X oz oY

ox  ox’ ox ox’ oy oy

Partial Differential Equation
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Substituting these in the given equation we get
0’ X oy X N oY
ox’ OX oy

2

y[EX Xy o
OX OX oy
62

1 X oX 1 oY
- — YA I
X | ox? OX Y oy

LHS is a function of X only and RHS is of Y alone

Y

Since x and y are independent variables, this expression can holds only if each
side is a constant i.e.,

2
Consider L(d X —2dX]:k

X | dx? dx
2
XXy g
dx dx

AE:—m’-2m-k =0
Roots are m=1++/1+k

X _ Cle(lﬂ/ﬂ)x i Cze(l—M)x
Considering _Ldy =k = ldY =—kdy
Y dy Y
LogY =—ky+Log c,
Y=ce"
The complete solution is given by
Z=XY=(cle(Hm)x I e
Exercise:
2 ou 2 ou . .
1. Solve x P +y 3y 0 by the method of separation of variables.
2. Use the separation of variables technique to solve 3u, + 2u,, = 0, given
u(x,0) = 4e™*

Partial Differential Equation
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Section 6

Lagrange’s linear partial differential equation

Objective:
At the end of this section we will understand:

e The form of Lagrange’s linear equation.
e Solve the Lagrange’s linear P.D.E.

Solution of the first order linear partial differential equation in the form Pp+QQ=R
Lagrange’s linear partial differential equation:

The general solution of Lagrange’s linear partial differential equation Pp+Qg=R.......... (1)

where P=P(x,y,z) ,Q=Q(x,y,z) and R=R(x,y,z) is given by

Since the elimination of the arbitrary function F from (2) results in (1)

Here u=u(x,y,z) and v=v(x,y,z) are known functions.
Method of obtaining the general solution:

1. Rewrite the given equation in the standard form Pp+Qqg=R

2. Form the Lagrange’s auxiliary equation (A.E)

3. u(x,y,z)=c; and v(x,y,z)=c, are said to be the complete solution of the system of the simultaneous

equations (3) provided u; and u, are linearly independent i.e.,Z—1 # constant
2

Casel: One of the variables is either absent or cancels out from the set of auxiliary equations

Case2: If u=c; is known but v=c, is not possible by case 1, then use u=c, to get v=c,

Partial Differential Equation
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Case3: Introducing Lagrange’s multipliers P;, Q1, R; which are functions of x, y, z or constants , each

L . P.d dy+R.d
fraction in (3) is equal to el T (4)

P;, Q1,R, are chosen thatP;P + Q;Q + R,R = 0then P;dx + Q;dy + R,dz = 0 which can be
integrated.

Case4: Multipliers may be chosen (more than once) such that the numerator

P;dx + Q;dy + R,dz is an exact differential of the denominator P,P + Q;Q + R;R. Combining (4)
with a fraction of (3) to get an integral.

4. General solution of (1) is F(u, v)=0 or v=d(u).

Examples:

1) Solve xp+yq =z

Solution: The given equation is of the form Pp+Qg=R
dy _ dz

The A.E areﬂ = =—
x y z

,d d . . . .
Consider 7x = 73' which on integration give

logx = logy + logc,

>X=¢
y 1
A . . d dz
Similarly by considering 73' = — we get
Y _,
2 2

Hence the general solution of the give equation is ¢ G,g) =0
dz dz
2) Solve (mz — ny) F (nx — lz) 7y ly —mx

Solution: The given equation is of the form Pp+Qg=R

The auxiliary equations are

dx _ay _ az
(mz-ny) (nx—lz)  ly-mx

Using multipliers I, m, n each ratio is equal to

Partial Differential Equation
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ldx + mdy + ndz _ ldx +mdy + ndz
1(mz — ny) + m(nx — lz) + n(ly — mx) 0

= ldx + mdy + ndz = 0 which on integration gives Ix + my + nz = ¢;
Using multipliers x, y, z each ratio in (1) equal to

xdx + ydy + zdz _ xdx +ydy + zdz
x(mz — ny) + y(nx — lz) + z(ly — mx) 0

2 ZZ

2
= xdx + ydy + zdz = 0 which on integration gives x? + y? t5 =0
or x2+y?+z% = ¢,
Hence the general solution is ¢ (Ix + my + nz,x% + y? + z2) = 0
3) Solve x2(y — z) + y*(z — x)— =z*(x—vy)
Solution: The given equation is of the form Pp+Qq-R

The auxiliary equations are

dx _ dy _  dz
xZ(y_Z) - yz(Z—X) - ZZ(X—y)

(1)

Using multipliers each ratio is equal to

xz'yz' 2
1 1 1 1 1 1
— dx+y—2dy+z—2dz ~ de‘l‘de-FZ—de
G-2)+@E—x)+Kx—y) 0

xiz dx + y—lzdy + Zizdz=0 which on integration gives

1 1 1 1 1 1
X dx+;dy+zdz _ ;dx+;dy+;dz
x(y—2)+yz-x)+zx—-y) 0

% dx + %dy + édz = 0 which on integration gives
logx + logy + logz = logc, or xyz = c,

Hence the general solution is ¢ (l + % + l,xyz) =0

4. Solve ptan X+ (Qtany =tanz

Partial Differential Equation
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Solution: The given equation is of the form
Pp+Qg =R

The Subsidiary equation is given by
dx dy dz

Tanx Tany Tanz
Taking the first two relations we get,
Log (Sinx) = Log(Siny) +log c,

Sinx
—_— =C1
Siny
Simillarly taking the last two relations we get,

-_=C2
Sinz
Thus a general solution of the PDE is given by

o= S!nx,S!ny _0
Siny " Sinz

2 2
3.Solvexp—yg=y —X
Solution: The given equation is of the form

Pp+Qqg=R

The Subsidiary equation is given by

o _dy e
X y y-x
Taking the first two relations we get,

Log x = Logy + log c1:>£=cl
y

Here to get another relation we choose the
multipliers X, y, 1 (- XxP+yQ+ R =0)
ie, we get xdx+ ydy+dz=0
= x> +y’+2z=2c,

The complete solution is given by

(p(i,x2 +y? +22] =0
\L
b Partial Differential Equation
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4. Solve (mz—ny)p+(nx—I1z)g =ly —mx
Solution: The given equation is of the form
Pp+Qq=R
The Subsidiary equation is given by

dx _ dy  dz
mz—ny nx-—lz ly—-mx
Here we choose the multipliers X, Y, z
(v xP+yQ+2zR=0)

ie, we get xdx+ ydy +zdz =0
=X +y +2° =2c
and again we choose the multipliers I, m,n
(- IP+mQ+nR=0)
ie, we get ldx+mdy+ndz=0
=Ix+my+nz=c,
The complete solution is given by

p(X* +y* +7°,Ix+my+nz)=0

-7z Z—X X—
4. Solve y P+ g= y
yz ZX Xy
Solution: The given equation is of the form

Pp+Qq=R

The Subsidiary equation is given by

dx  dy dz
y—2 Z-X X-Y
yz ZX Xy
Here we choose the multipliers X, V, z

(- xP+yQ+2zR=0)

Partial Differential Equation
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ie, we get xdx + ydy + zdz =0
=>x +y +2° =2
and again we choose the multipliers yz, zx, Xy
(" yzP +z2xQ + xyR =0)
ie, we get yzdx + zxdy + xydz =0
=d(xyz)=0=Xxyz=c,
The complete solution is given by

o(X*+y* +7°,xy2) =0
5. Solve (x> —y> = 2*)p+(2xy)q = 2Xz
Solution: The given equation is of the form

Pp+Qq =R

The Subsidiary equation is given by

dx _dy dz _ xdx + ydy + zdz
XC—yi—z> 2xy 2xz XOC -y —72)+y(2X) + 2(2X2)

Taking the Iland III relations we get,
Log y=Logz+log ¢, = l=cl
z
Taking the III and IV relations we get,
dz  xdx+ ydy+zdz
22 X(X*+y*+7%)

dz _d(+y*+7%)
7z (X+y+7)

Which is of the form w
f(x)

Partial Differential Equation
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= Logz+ Log c,= log(x* +y* +2°)
 XC+yi+7

4
Hence the required solution is

2 2 2
¢(Xyiil;ﬂL]:0
YA Z

=C,

6. Solve (x> —yz)p+(y> —2X)q =2 — Xy
Solution: The given equation is of the form
Pp+Qq=R

The Subsidiary equation is given by

dx —dy _ dy —dz _ dz —dx
(X =yD)=(y* =20 (Y =20—(2"=xy) (2" —xy)—(X"~V2)

——=()

consider first two expressions of (1), we get

dx —dy dy —dz
:> =
(X" =y2)=(y’=2x) (¥’ =2)~ (2" —xy)
dx —dy _ dy —dz

(X=Y)(X+y+2) (Y-2)(X+Y+2)
N dx—dy _dy-—dz
(x=y) (y-2)

= Log(x—y)=Log(y-z)+Logc,

X
= —==C
similarly considering last two expressions of (1), we get
N dx—dy _dy-dz
(y-2) (z-X)
= Log(y-2z)=Log(z—-x)+ Logc,
Y72 ¢
Z—X

hence the required solution is,

q)(ﬂuj 0
y—z z—X
Partial Differential Equation
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Exercise:
Solve

1) xp+yq=3z

2) yzp — xzq = xy

3) p—q=In(x+y)

4) (& —y*—y2)p+ (x* —y? —zx) = z(x — y)

Pick out the most appropriateanswer:

1. The solution of 2275 = sin(xy) is (B)
A) Z== cosky)* y f ()+9(x) B) Z==; sin(xy) + yf()+g(x)
B) Z=-sin(xy)+y f (X)+g(x) D) None of these

2. Asolutionof (y—=2)p+(z-x)g=x-y Is (A)
A) @ (CH+y*+2%, x+y+2) B) ¢ (X*+y*+2%, x+y-2)
C) (X2, x+y+2) D) ¢ (X*+y*-2°, x+y+2)

3. The partial differential equation obtained from z= ax+by+ab is (D)
A) px+ay=z B) px+qy+z°=0  c) px - qy=z D) px-+ay-+pg=z

4. The partial differential equation obtained from z = &’ f (x+y) is (A)
A) p+z=q B) p-z=q C)p-0q=z D) none of these

5. In a partial differential equation by eliminating a & b from the relation Z= (x*+a) (y*+b) is
(D)
A)zz,=xyz B)zy=xyz C)zy=4xyz D) z2,=4xyz

6. The solution of zy=sinxyisZ=................... ©)
A) sin(xy) + f(x) + g(y) B) —1/x? cos(xy)+f(x)+g(y)
C) =1/xy sin(xy) + f(x) + g(y) D) sin(xy) +f(x)+xg(y)

7. For the Lagrange’s linear partial differential equation Pp+Qqg= R the subsidiary equationis (C)

Partial Differential Equation
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A) d_x = ﬂ :E B) de = Ldy :E
P Q R P Q R
dx _dy _dz dx _ —dy _dz
C)P_Q R D)PZ Q2 “R?
8. In the method of separation of variable, to solve u,— 2u,+u, =0 the trial solution u=...... (A)

X(x)

A XWTO  B) 75 C) % D) X(X)JT().

9. By eliminating a & b from (x — a)*+ (y — b)* +z ?=c? the partial differential equation formed is (A)

A) Zp*+g’+1)=¢®  B) Z*(p-q-1)=¢’

C) (p+g+1)=c D) none of these

10. The equation g—j; +2xy (Z—i)2+ g—; =5isorder ........... and degree ..... (A)
A)2,1 B) 1,2 C)11 D) none of these

11. The solution of x g—i = 2x+y is (B)
A) z= 2x+ylogx+f (X) B) z = 2x+ylogx+f (y)
C) z= 2x-ylogx+f(xy) D) z = X% +xy+f (y)

12. By eliminating a & b from z = a(x+y)+b the partial differential formed is (A)
A) p=q B) pa=0 C) p+q=0 D) p*=q

13. A solution u,=0 is of the form (D)
A) U=[ f(»)dy) B) U=/ f(y)dy — @(x)
C) U=[ f(x)dy + 8(x) D) U=/ f(x)dx + @(»)

14. If u =x* + t? is a solution of ¢? ';2712‘ = ?,ZTZ thenc=......cc.oceeenn... (A)
A 1 B)O C) 2 D) None of these

15. The general solution of u,,=xy is (B)
A) U= =Xy - xf(y) - () B) U= =X’y +xf(y) +0(y)
C) U= 2x* +f(y) +8(y) D) U= = Xy +x f(x) +@(x)

16. The partial differential equation by eliminating a & b from the relation z= a log (x*+y?) + b is (B)

Partial Differential Equation
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A) px-gy=0  B) py-gx=0 C) py+gx=0 D) px+qy=0

17. The partial differential equation by eliminating arbitrary function from the relation z= f(x* + y)
[T (B)
A) px-qy=0  B) py-qx=0 C) py+ax=0 D) px+ay=0
18. The solution of r+6s+9t=0 is (A)
A) 2= fi(y-3x) + x f(y-3x) B) z = fi(y-3x) - x f(y-3x)
C) z = fy(y+3x) + x fo(y+3x) D) none of these
19. If u _ x+y then u = (B)
L ythenu=....................
y3 yx2 x3 yxz
A) L+ 4 xi(y) +9(y) B) = + 2 + xf(y) +q(y)
y3 yxz x3 yXZ
C) % - = - xi(y) +9v) D) — - =+ f(y) +a(y)
20. The nature of the partial differential equation x2 22 + 2xy 22 4 y2 2% _ (A)
’ p q x dx2 Xy dx0y y ay?

A) Parabolic B) Elliptic C) Hyperbolic D) None of these

21. xp + yq = z is the general solution of the equation (D)

A)Q)G,%)ZO B) 9 (2,%) =0 C)(Z)(%,i):o D) all of these

22. The Lagrange’s linear partial differential equation of the form (D)
A) Pp-Qq=R B)Pp+Qq=0  C)Pg+Qp=R D) Pp+Qg=R
23. The auxiliary equation of the equation (y-z2)p+(z-x)g=(x-y)Iis (B)
dx _ dy _ dz dx _ dy _ dz
A 500 " o ) o5 @0 &

dx dy dz

C) el e el D) none of these

24. The multiplies of the equation x (y*+2z) p - yO&¢ +2) q= z (X*-y?) is (A)
A) (1/x, 1y, 112), (%, Y, -1) B) (x,y,2), x,y,-1)
C) (1/x, 1y, 112), (x .y, 1) D) none of these

25.The order of the partial differential equation obtained by eliminating f from z=f ( x*+y?)
[T (B)

Partial Differential Equation
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A) second B) first C) constant D) none of these
26. The solution of,/p + /g =1 is (B)
A) z=ax+((1 +Va) 2y +c B) z=ax+(1 —Va) 2y +c
C) z=ax-((1 — Va) 2y D) none of these
27. The nature of the partial differential equatlon — + ZTz -— + z=0 (B)
A) Parabolic B) Elliptic C) Hyperbolic D) None of these
28. The nature of the partial differential equation x— + 3xy axzazy + y% =0 ©
A) Parabolic B) Elliptic C) Hyperbolic D) None of these
29) The order and the degree of the P.D.E % + 2xy (Z—i)z + Z—; = 5is.....and... (c)
a) land2 b) 2 and 2 c)2and 1 d)none
30) By eliminating a and b from (x — a)? + (y — b)? + z% = ¢?, the P.D.E formed is ......... (d)
a) c2={1+p?+qg?)z? b)c=1+p+q)z
c) z2=(1+p?+qg?)c? dz=0+p+q)c

31) The partial differential equation obtained from z = ax + by + ab by eliminatingaand bis ... (b)

a) z=x+y+pq b)z =px + qy +pq
c) z=gqx+py+pq d)z =px +qy +xy
32) The partial differential equation fy + 2fyy, + 4f,, = Ois classified as ............... (b)
a)non —homogeneous P.D.E b)homogeneous P.D.E
c)linear P.D.E d)none
33) If z=f(x, y, a, b) then the P.D.E formed by eliminating the arbitrary constants a and b is of ... (c)
a) second order b)third order
c) first order d) forth order
34) The solution of pVx + q\/y = VZ is cceevrvvcrrecsrsicrneen (a)
a)Vx — [y = f(Vx —/y) b)x —y = f(x—¥)
Partial Differential Equation
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)Vx =y =f(x—-y) dx-y= f(x—y)

35) Ageneral solution of u,,, = 0is of the form .........cc.ccoeevine, (b)
a) u=f()+px) b)u = [ fF(y)dy +¢(x)
du=[f()dy d) none

36) u = e~ tsinx is a solution of .......cccceevverennnee (c)

du , du du , du
a)a+5—0 b)£+£—u
0%u |, 9%u
c)ﬁ+ﬁ—0 d) none
37) The auxiliary equations of Lagrange’s linear equation Pp + Qq@ = R iS..cceeecvvevennene. (a)
ag-g- S
c)d—x=d—y=g d)none
R P Q
2
38) The differential equation z = % gets reduced to the form : (a)

a) Linear homogeneous differential equation b)Partial differential equation of first order
c) Bothaandb d) None of these
39. A partial differential equation requires (B)
A) exactly one independent variable
B) two or more independent variables
C) more than one dependent variable

D) equal number of dependent and independent variables

. - . . 9u _0du .
40. A Solution to the partial differential equation — — -9~ — is (A)
ox> oy’
A)Cos(3x-y) B)x*+y’
C) Sin(3x-y) D)e*sin(my)

41. The following is true for the following partial differential equation used in nonlinear mechanics

known as the Korteweg-de Vries equation @ n ow _ 6W@ -0 (B)
ot ox’ OX
Partial Differential Equation
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A) Linear, 3 order B) Nonlinear, 3" order
C) Linear 1* order D) Nonlinear 1* order

42. A Singular solution exists to the equation given by (B)
A) f(p, q)=0 B)Z=px+qy+f(p,q) O)f(x, p)=g(x, q) D) None of these

43. The partial differential equation obtained by eliminating the arbitrary functions from

z = f (x+ky) + g(x-ky) is

éZZ_ &ZZ éZZ_ Zo'zz

A)E_kﬁxﬁy B);—k oz (B)
Pz, Pz Pz Pz

O ==k D) %= 2

44. The initial equation of finding the differential equation of all planes which are at a constant distace

‘a’ from the origin is

A) Ix+my+nz = a B) X’+y’+7° = d* (A)
C) v’ = 4ax D) None of these
Partial Differential Equation
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