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Figure 122. 
=
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7.8 Three-Dimensional Coordinate System 
=
mçáåí=ÅççêÇáå~íÉëW= Mñ I= Mó I= Mò I= Nñ I= Nó I= Nò I=£=

oÉ~ä=åìãÄÉêW=λ ==
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Figure 123. 
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Figure 124. 
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Figure 125. 
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Figure 126.  
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7.9 Plane 
=
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Figure 127. 
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Figure 128. 
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Figure 129.  
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Figure 130. 
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Figure 131.  
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Figure 132. 
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Figure 133. 
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Figure 134. 
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Figure 135. 
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7.10 Straight Line in Space 
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Figure 136. 
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Figure 138. 
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Figure 139. 
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Figure 141. 
=
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7.11 Quadric Surfaces 
=
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Figure 142. 
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Figure 143. 
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Figure 144. 
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Figure 145. 
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Mò
Ä

ó

~

ñ
O

O

O

O

=−+ =

=
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====== =
Figure 146. 

 
708. eóéÉêÄçäáÅ=m~ê~ÄçäçáÇ=E`~ëÉ=UF=

Mò
Ä

ó

~

ñ
O

O

O

O

=−− =

==== =
Figure 147. 
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709. oÉ~ä=bääáéíáÅ=`óäáåÇÉê=E`~ëÉ=VF=

N
Ä

ó

~

ñ
O

O

O

O

=+ =

=

===== =
=

Figure 148. 
=

710. fã~Öáå~êó=bääáéíáÅ=`óäáåÇÉê=E`~ëÉ=NMF=

N
Ä

ó

~

ñ
O

O

O

O

−=+ =

=
711. eóéÉêÄçäáÅ=`óäáåÇÉê=E`~ëÉ=NNF=

N
Ä

ó

~

ñ
O

O

O

O

=− =

=
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====== =
=

Figure 149. 
=

712. oÉ~ä=fåíÉêëÉÅíáåÖ=mä~åÉë=E`~ëÉ=NOF=

M
Ä

ó

~

ñ
O

O

O

O

=− =

=
713. fã~Öáå~êó=fåíÉêëÉÅíáåÖ=mä~åÉë=E`~ëÉ=NPF=

M
Ä

ó

~

ñ
O

O

O

O

=+ =

=
714. m~ê~ÄçäáÅ=`óäáåÇÉê=E`~ëÉ=NQF=

Mó
~

ñ
O

O

=− =

=
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===== =
=

Figure 150. 
=

715. oÉ~ä=m~ê~ääÉä=mä~åÉë=E`~ëÉ=NRF=

N
~

ñ
O

O

= =

=
716. fã~Öáå~êó=m~ê~ääÉä=mä~åÉë=E`~ëÉ=NSF=

N
~

ñ
O

O

−= =

=
717. `çáåÅáÇÉåí=mä~åÉë=E`~ëÉ=NTF=

MñO = =
=
=
=
=
=
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7.12 Sphere 
=
o~Çáìë=çÑ=~=ëéÜÉêÉW=o=
mçáåí=ÅççêÇáå~íÉëW=ñI=óI=òI= Nñ I= Nó I= Nò I=£=
`ÉåíÉê=çÑ=~=ëéÜÉêÉW= ( )ÅIÄI~ =
oÉ~ä=åìãÄÉêëW=^I=aI=bI=cI=j=
=
=

718. bèì~íáçå=çÑ=~=péÜÉêÉ=`ÉåíÉêÉÇ=~í=íÜÉ=lêáÖáå=Epí~åÇ~êÇ=
cçêãF=

OOOO oòóñ =++ =
=

====== =
=

Figure 151. 
=

719. bèì~íáçå=çÑ=~=`áêÅäÉ=`ÉåíÉêÉÇ=~í=^åó=mçáåí= ( )ÅIÄI~  
( ) ( ) ( ) OOOO oÅòÄó~ñ =−+−+−  

 
720. aá~ãÉíÉê=cçêã 

( )( ) ( )( ) ( )( ) Mòòòòóóóóññññ ONONON =−−+−−+−− I==
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ïÜÉêÉ==
( )NNNN òIóIñm I= ( )OOOO òIóIñm =~êÉ=íÜÉ=ÉåÇë=çÑ=~=Çá~ãÉíÉêK==

=
721. cçìê=mçáåí=cçêã=

M

Nòóññóñ

Nòóññóñ

Nòóññóñ

Nòóññóñ

Nòóñòóñ

QQQ
O
Q

O
Q

O
Q

PPP
O
P

O
P

O
P

OOO
O
O

O
O

O
O

NNN
O
N

O
N

O
N

OOO

=

++
++
++
++
++

=

=
722. dÉåÉê~ä=cçêã 

Mjcòbóañ^ò^ó^ñ OOO =++++++ =E^=áë=åçåòÉêçFK==
qÜÉ=ÅÉåíÉê=çÑ=íÜÉ=ëéÜÉêÉ=Ü~ë=ÅççêÇáå~íÉë= ( )ÅIÄI~ I=ïÜÉêÉ==

^O

a
~ −= I=

^O

b
Ä −= I=

^O

c
Å −= K= 

qÜÉ=ê~Çáìë=çÑ=íÜÉ=ëéÜÉêÉ=áë 

^O

j^Qcba
o

OOOO −++
= K 

=
=
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Chapter  8  

Differential Calculus 
=
=
=
=
cìåÅíáçåëW=ÑI=ÖI=óI=ìI=î=
^êÖìãÉåí=EáåÇÉéÉåÇÉåí=î~êá~ÄäÉFW=ñ=
oÉ~ä=åìãÄÉêëW=~I=ÄI=ÅI=Ç=
k~íìê~ä=åìãÄÉêW=å=
^åÖäÉW=α =
fåîÉêëÉ=ÑìåÅíáçåW= NÑ − =
=
=

8.1 Functions and Their Graphs 
=

723. bîÉå=cìåÅíáçå=
( ) ( )ñÑñÑ =− =

=
724. lÇÇ=cìåÅíáçå=

( ) ( )ñÑñÑ −=− =
=

725. mÉêáçÇáÅ=cìåÅíáçå=
( ) ( )ñÑåqñÑ =+ =

=
726. fåîÉêëÉ=cìåÅíáçå=

( )ñÑó = =áë=~åó=ÑìåÅíáçåI= ( )óÖñ = =çê= ( )ñÑó N−= =áë=áíë=áåîÉêëÉ=
ÑìåÅíáçåK==
=
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===== =
=

Figure 152. 
=

727. `çãéçëáíÉ=cìåÅíáçå=
( )ìÑó = I= ( )ñÖì = I= ( )( )ñÖÑó = =áë=~=ÅçãéçëáíÉ=ÑìåÅíáçåK=

=
728. iáåÉ~ê=cìåÅíáçå=

Ä~ñó += I= = oñ∈ I= = α= í~å~ ==áë=íÜÉ=ëäçéÉ=çÑ=íÜÉ=äáåÉI==Ä==áë=

íÜÉ=ó-áåíÉêÅÉéíK=
=
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====== =
=

Figure 153. 
=

729. nì~Çê~íáÅ=cìåÅíáçå==
Oñó = I= oñ∈ K=

=

====== =
=

Figure 154. 
=



CHAPTER 8.  DIFFERENTIAL CALCULUS 

194 
 

730. ÅÄñ~ñó O ++= I= oñ∈ K=
=

=== =
=

Figure 155. 
=

731. `ìÄáÅ=cìåÅíáçå==
Pñó = I= oñ∈ K=

=



CHAPTER 8.  DIFFERENTIAL CALCULUS 

195 
 

= =
=

Figure 156. 
=

732. ÇÅñÄñ~ñó OP +++= I= oñ∈ K=
=
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== =
=

Figure 157. 
=

733. mçïÉê=cìåÅíáçå==
åñó = I= kå∈ K=

=
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====== =
Figure 158. 

=

=
Figure 159. 

=
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734. pèì~êÉ=oççí=cìåÅíáçå==

ñó = I= [ )∞∈ IMñ K=
=

======= =
Figure 160. 

=
735. bñéçåÉåíá~ä=cìåÅíáçåë=

ñ~ó = I= M~ > I= N~ ≠ I=
ñÉó = =áÑ= É~ = I= KSTNUOUNUOUQKOÉ = =

=

= =
=

Figure 161. 
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736. içÖ~êáíÜãáÅ=cìåÅíáçåë=
ñäçÖó ~= I= ( )∞∈ IMñ I= M~ > I= N~ ≠ I=

ñäåó = =áÑ= É~ = I= Mñ > K=
=

=
=

Figure 162. 
=

737. eóéÉêÄçäáÅ=páåÉ=cìåÅíáçå==

ñëáåÜó = I=
O

ÉÉ
ñëáåÜ

ññ −−
= I= oñ∈ K=

=
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==== =
=

Figure 163. 
=

738. eóéÉêÄçäáÅ=`çëáåÉ=cìåÅíáçå==

ñÜÅçëó = I=
O

ÉÉ
ñÜÅçë

ññ −+
= I= oñ∈ K=

====== =
=

Figure 164. 
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739. eóéÉêÄçäáÅ=q~åÖÉåí=cìåÅíáçå==

ñí~åÜó = I=
ññ

ññ

ÉÉ

ÉÉ

ñÅçëÜ

ñëáåÜ
ñí~åÜó −

−

+
−

=== I= oñ∈ K=

=

====== =
=

Figure 165. 
=

740. eóéÉêÄçäáÅ=`çí~åÖÉåí=cìåÅíáçå==

ñÜÅçíó = I=
ññ

ññ

ÉÉ

ÉÉ

ñëáåÜ

ñÅçëÜ
ñÜÅçíó −

−

−
+

=== I= oñ∈ I= Mñ ≠ K=

=
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====== =
=

Figure 166. 
=

741. eóéÉêÄçäáÅ=pÉÅ~åí=cìåÅíáçå==

ñÜëÉÅó = I=
ññ ÉÉ

O

ñÅçëÜ

N
ñÜëÉÅó −+

=== I= oñ∈ K=

=
Figure 167. 
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742. eóéÉêÄçäáÅ=`çëÉÅ~åí=cìåÅíáçå==

ñÅëÅÜó = I=
ññ ÉÉ

O

ñëáåÜ

N
ñÅëÅÜó −−

=== I= oñ∈ I= Mñ ≠ K=

=

====== =
=

Figure 168. 
=

743. fåîÉêëÉ=eóéÉêÄçäáÅ=páåÉ=cìåÅíáçå==
ñ~êÅëáåÜó = I= oñ∈ K=

=
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===== =
=

Figure 169. 
=

744. fåîÉêëÉ=eóéÉêÄçäáÅ=`çëáåÉ=cìåÅíáçå==
ñ~êÅÅçëÜó = I= [ )∞∈ INñ K=

=

===== =
=

Figure 170. 
=

745. fåîÉêëÉ=eóéÉêÄçäáÅ=q~åÖÉåí=cìåÅíáçå==
ñ~êÅí~åÜó = I= ( )NINñ −∈ K=

=



CHAPTER 8.  DIFFERENTIAL CALCULUS 

205 
 

===== =
=

Figure 171. 
=

746. fåîÉêëÉ=eóéÉêÄçäáÅ=`çí~åÖÉåí=cìåÅíáçå==
ñ~êÅÅçíÜó = I= ( ) ( )∞∪−∞−∈ INNIñ K==

=
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===== =
=

Figure 172. 
=

747. fåîÉêëÉ=eóéÉêÄçäáÅ=pÉÅ~åí=cìåÅíáçå==
ñ~êÅëÉÅÜó = I= ( ]NIMñ∈ K=

=
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=
Figure 173. 

=
748. fåîÉêëÉ=eóéÉêÄçäáÅ=`çëÉÅ~åí=cìåÅíáçå==

ñ~êÅÅëÅÜó = I= oñ∈ I= Mñ ≠ K==

=
 Figure 174. 

=
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8.2 Limits of Functions 
=
cìåÅíáçåëW= ( )ñÑ I= ( )ñÖ =
^êÖìãÉåíW=ñ=
oÉ~ä=Åçåëí~åíëW=~I=â=
=
=

749. ( ) ( )[ ] ( ) ( )ñÖäáãñÑäáãñÖñÑäáã
~ñ~ñ~ñ →→→

+=+ =

=
750. ( ) ( )[ ] ( ) ( )ñÖäáãñÑäáãñÖñÑäáã

~ñ~ñ~ñ →→→
−=− =

=
751. ( ) ( )[ ] ( ) ( )ñÖäáãñÑäáãñÖñÑäáã

~ñ~ñ~ñ →→→
⋅=⋅ =

=

752. ( )
( )

( )
( )ñÖäáã

ñÑäáã

ñÖ

ñÑ
äáã

~ñ

~ñ

~ñ
→

→

→
= I=áÑ= ( ) MñÖäáã

~ñ
≠

→
K=

=
753. ( )[ ] ( )ñÑäáãâñâÑäáã

~ñ~ñ →→
= =

=
754. ( )( ) ( )( )ñÖäáãÑñÖÑäáã

~ñ~ñ →→
= =

=
755. ( ) ( )~ÑñÑäáã

~ñ
=

→
I=áÑ=íÜÉ=ÑìåÅíáçå= ( )ñÑ =áë=Åçåíáåìçìë=~í= ~ñ = K=

=

756. N
ñ

ñëáå
äáã

Mñ
=

→
=

=

757. N
ñ

ñí~å
äáã

Mñ
=

→
=

=

758. N
ñ

ñëáå
äáã

N

Mñ
=

−

→
=
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759. N
ñ

ñí~å
äáã

N

Mñ
=

−

→
=

=

760. ( )
N

ñ

ñNäå
äáã

Mñ
=

+
→

=

=

761. É
ñ

N
Näáã

ñ

ñ
=






 +

∞→
=

=

762. â
ñ

ñ
É

ñ

â
Näáã =






 +

∞→
=

=
763. N~äáã ñ

Mñ
=

→
=

=
=
=

8.3 Definition and Properties of the Derivative 
=
cìåÅíáçåëW=ÑI=ÖI=óI=ìI=î=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
oÉ~ä=Åçåëí~åíW=â=
^åÖäÉW=α =
=
=

764. ( ) ( ) ( )
Çñ

Çó

ñ

ó
äáã

ñ

ñÑññÑ
äáãñó

MñMñ
=

∆
∆

=
∆

−∆+
=′

→∆→∆
==

=
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== =
=

Figure 175. 
=

765. α= í~å
Çñ

Çó
==

=

766. ( )
Çñ

Çî

Çñ

Çì

Çñ

îìÇ
+=

+
=

=

767. ( )
Çñ

Çî

Çñ

Çì

Çñ

îìÇ
−=

−
=

=

768. ( )
Çñ

Çì
â

Çñ

âìÇ
= =

=
769. mêçÇìÅí=oìäÉ=

( )
Çñ

Çî
ìî

Çñ

Çì

Çñ

îìÇ
⋅+⋅=

⋅
==

=
=
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770. nìçíáÉåí=oìäÉ=

Oî
Çñ

Çî
ìî

Çñ

Çì

î

ì

Çñ

Ç ⋅−⋅
=








=

=
771. `Ü~áå=oìäÉ=

( )( )ñÖÑó = I= ( )ñÖì = I==

Çñ

Çì

Çì

Çó

Çñ

Çó
⋅= K=

=
772. aÉêáî~íáîÉ=çÑ=fåîÉêëÉ=cìåÅíáçå=

Çó

Çñ
N

Çñ

Çó
= I==

ïÜÉêÉ= ( )óñ áë=íÜÉ=áåîÉêëÉ=ÑìåÅíáçå=çÑ= ( )ñó K==
=

773. oÉÅáéêçÅ~ä=oìäÉ=

Oó
Çñ

Çó

ó

N

Çñ

Ç
−=








=

=
774. içÖ~êáíÜãáÅ=aáÑÑÉêÉåíá~íáçå=

( )ñÑó = I= ( )ñÑäåóäå = I==

( ) ( )[ ]ñÑäå
Çñ

Ç
ñÑ

Çñ

Çó
⋅= K=

=
=

8.4 Table of Derivatives 
=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
oÉ~ä=Åçåëí~åíëW=`I=~I=ÄI=Å=
k~íìê~ä=åìãÄÉêW=å=
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775. ( ) M`
Çñ

Ç
= =

=

776. ( ) Nñ
Çñ

Ç
= =

=

777. ( ) ~Ä~ñ
Çñ

Ç
=+ =

=

778. ( ) Ä~ñÅÄñ~ñ
Çñ

Ç O +=++ =

=

779. ( ) Nåå åññ
Çñ

Ç −= =

=

780. ( )
Nå

å

ñ

å
ñ

Çñ

Ç
+

− −= =

=

781. 
Oñ

N

ñ

N

Çñ

Ç
−=








=

=

782. ( )
ñO

N
ñ

Çñ

Ç
= =

=

783. ( )
å Nå

å

ñå

N
ñ

Çñ

Ç
−

= =

=

784. ( )
ñ

N
ñäå

Çñ

Ç
= =

=

785. ( )
~äåñ

N
ñäçÖ

Çñ

Ç
~ = I= M~ > I= N~ ≠ K=

=
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786. ( ) ~äå~~
Çñ

Ç ññ = I= M~ > I= N~ ≠ K=

=

787. ( ) ññ ÉÉ
Çñ

Ç
= =

=

788. ( ) ñÅçëñëáå
Çñ

Ç
= =

=

789. ( ) ñëáåñÅçë
Çñ

Ç
−= =

=

790. ( ) ñëÉÅ
ñÅçë

N
ñí~å

Çñ

Ç O

O
== =

=

791. ( ) ñÅëÅ
ñëáå

N
ñÅçí

Çñ

Ç O

O
−=−= =

=

792. ( ) ñëÉÅñí~åñëÉÅ
Çñ

Ç
⋅= =

=

793. ( ) ñÅëÅñÅçíñÅëÅ
Çñ

Ç
⋅−= =

=

794. ( )
OñN

N
ñ~êÅëáå

Çñ

Ç

−
= =

=

795. ( )
OñN

N
ñ~êÅÅçë

Çñ

Ç

−
−= =

=

796. ( )
OñN

N
ñ~êÅí~å

Çñ

Ç

+
= =

=
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797. ( )
OñN

N
ñÅçí~êÅ

Çñ

Ç

+
−= =

=

798. ( )
Nññ

N
ñëÉÅ~êÅ

Çñ

Ç
O −

= =

=

799. ( )
Nññ

N
ñÅëÅ~êÅ

Çñ

Ç
O −

−= =

=

800. ( ) ñÅçëÜñëáåÜ
Çñ

Ç
= =

=

801. ( ) ñëáåÜñÅçëÜ
Çñ

Ç
= =

=

802. ( ) ñëÉÅÜ
ñÅçëÜ

N
ñí~åÜ

Çñ

Ç O

O
== =

=

803. ( ) ñÅëÅÜ
ñëáåÜ

N
ñÅçíÜ

Çñ

Ç O

O
−=−= =

=

804. ( ) ñí~åÜñëÉÅÜñëÉÅÜ
Çñ

Ç
⋅−= =

=

805. ( ) ñÅçíÜñÅëÅÜñÅëÅÜ
Çñ

Ç
⋅−= =

=

806. ( )
Nñ

N
ñ=~êÅëáåÜ

Çñ

Ç
O +

= =

=

807. ( )
Nñ

N
ñ=~êÅÅçëÜ

Çñ

Ç
O −

= =
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808. ( )
OñN

N
ñ=~êÅí~åÜ

Çñ

Ç

−
= I= Nñ < K=

=

809. ( )
Nñ

N
ñ=~êÅÅçíÜ

Çñ

Ç
O −

−= I= Nñ > K=

=

810. ( )
Çñ

Çî
ìäåì

Çñ

Çì
îìì

Çñ

Ç îNîî ⋅+⋅= − =

=
=
=

8.5 Higher Order Derivatives 
=
cìåÅíáçåëW=ÑI=óI=ìI=î=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
k~íìê~ä=åìãÄÉêW=å=
=
=

811. pÉÅçåÇ=ÇÉêáî~íáîÉ=

( )
O

O

Çñ

óÇ

Çñ

Çó

Çñ

Ç

Çñ

Çó
ÑÑ =






=′






=′′=′′ =

=
812. eáÖÜÉê-lêÇÉê=ÇÉêáî~íáîÉ=

( ) ( ) ( )( ) ′=== −Nåå

å

å
å Ñó

Çñ

óÇ
Ñ =

=

813. ( )( ) ( ) ( )ååå îìîì +=+ =
=

814. ( )( ) ( ) ( )ååå îìîì −=− =
=

815. iÉáÄåáíò∞ë=cçêãìä~ë=

( ) îìîìOîììî ′′+′′+′′=′′ =
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( ) îìîìPîìPîììî ′′′+′′′+′′′+′′′=′′′ =

( )( ) ( ) ( ) ( ) ( ) ( )åOåNååå ìîîì
ON

Nåå
îåìîììî ++′′

⋅
−

+′+= −− K =

=

816. ( )( )

( )
åãåã ñ

>åã

>ã
ñ −

−
= =

=

817. ( )( )
>åñ

åå = =
=

818. ( )( ) ( ) ( )
~äåñ

>NåN
ñäçÖ

å

Nå
å

~

−−
=

−

=

=

819. ( )( ) ( ) ( )
å

Nå
å

ñ

>NåN
ñäå

−−
=

−

=

=

820. ( )( )
~äå~~ åñåñ = =

=

821. ( )( ) ñåñ ÉÉ = =
=

822. ( )( )
~äå~ã~ åãñååãñ = =

=

823. ( )( ) 





 π

+=
O

å
ñëáåñëáå å =

=

824. ( )( ) 





 π

+=
O

å
ñÅçëñÅçë å =

=
=
=
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8.6 Applications of Derivative 
=
cìåÅíáçåëW=ÑI=ÖI=ó=
mçëáíáçå=çÑ=~å=çÄàÉÅíW=ë==
sÉäçÅáíóW=î=
^ÅÅÉäÉê~íáçåW=ï=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
qáãÉW=í=
k~íìê~ä=åìãÄÉêW=å=
=
=

825. sÉäçÅáíó=~åÇ=^ÅÅÉäÉê~íáçå=
( )íÑë = =áë=íÜÉ=éçëáíáçå=çÑ=~å=çÄàÉÅí=êÉä~íáîÉ=íç=~=ÑáñÉÇ=

ÅççêÇáå~íÉ=ëóëíÉã=~í=~=íáãÉ=íI==
( )íÑëî ′=′= =áë=íÜÉ=áåëí~åí~åÉçìë=îÉäçÅáíó=çÑ=íÜÉ=çÄàÉÅíI=

( )íÑëîï ′′=′′=′= =áë=íÜÉ=áåëí~åí~åÉçìë=~ÅÅÉäÉê~íáçå=çÑ=
íÜÉ=çÄàÉÅíK==
=

826. q~åÖÉåí=iáåÉ=
( )( )MMM ñññÑóó −′=− =

=
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=
=

Figure 176. 
=

827. kçêã~ä=iáåÉ=

( )( )M

M

M ññ
ñÑ

N
óó −

′
−=− =EcáÖ=NTSF=

=
828. fåÅêÉ~ëáåÖ=~åÇ=aÉÅêÉ~ëáåÖ=cìåÅíáçåëK==

fÑ= ( ) MñÑ M >′ I=íÜÉå=ÑEñF=áë=áåÅêÉ~ëáåÖ=~í= Mñ K=EcáÖ=NTTI= Nññ < I=

ññO < FI=
fÑ= ( ) MñÑ M <′ I=íÜÉå=ÑEñF=áë=ÇÉÅêÉ~ëáåÖ=~í= Mñ K=EcáÖ=NTTI=

ON ñññ << FI=
fÑ= ( )MñÑ ′ =ÇçÉë=åçí=Éñáëí=çê=áë=òÉêçI=íÜÉå=íÜÉ=íÉëí=Ñ~áäëK==

=
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=
=

Figure 177. 
=

829. içÅ~ä=ÉñíêÉã~=
^=ÑìåÅíáçå=ÑEñF=Ü~ë=~=äçÅ~ä=ã~ñáãìã=~í= Nñ =áÑ=~åÇ=çåäó=áÑ=
íÜÉêÉ=Éñáëíë=ëçãÉ=áåíÉêî~ä=Åçåí~áåáåÖ= Nñ =ëìÅÜ=íÜ~í=
( ) ( )ñÑñÑ N ≥ =Ñçê=~ää=ñ=áå=íÜÉ=áåíÉêî~ä=EcáÖKNTTFK==

=
^=ÑìåÅíáçå=ÑEñF=Ü~ë=~=äçÅ~ä=ãáåáãìã=~í= Oñ =áÑ=~åÇ=çåäó=áÑ=
íÜÉêÉ=Éñáëíë=ëçãÉ=áåíÉêî~ä=Åçåí~áåáåÖ= Oñ =ëìÅÜ=íÜ~í=
( ) ( )ñÑñÑ O ≤ =Ñçê=~ää=ñ=áå=íÜÉ=áåíÉêî~ä=EcáÖKNTTFK=

=
830. `êáíáÅ~ä=mçáåíë=

^=ÅêáíáÅ~ä=éçáåí=çå=ÑEñF=çÅÅìêë=~í= Mñ =áÑ=~åÇ=çåäó=áÑ=ÉáíÜÉê=

( )MñÑ ′ =áë=òÉêç=çê=íÜÉ=ÇÉêáî~íáîÉ=ÇçÉëå∞í=ÉñáëíK=

=
831. cáêëí=aÉêáî~íáîÉ=qÉëí=Ñçê=içÅ~ä=bñíêÉã~K=

fÑ=ÑEñF=áë==áåÅêÉ~ëáåÖ==E ( ) MñÑ >′ F=Ñçê==~ää==ñ==áå==ëçãÉ==áåíÉêî~ä=
( ]NñI~ ==~åÇ==ÑEñF==áë==ÇÉÅêÉ~ëáåÖ==E ( ) MñÑ <′ F==Ñçê=~ää==ñ=áå=ëçãÉ=
áåíÉêî~ä= = [ )ÄIñN I= = íÜÉå= ÑEñF= Ü~ë= ~= = äçÅ~ä= ã~ñáãìã= = ~í= = Nñ =
EcáÖKNTTFK==
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832. fÑ=ÑEñF=áë=ÇÉÅêÉ~ëáåÖ=E ( ) MñÑ <′ F=Ñçê=~ää=ñ=áå=ëçãÉ=áåíÉêî~ä=
( ]OñI~ =~åÇ=ÑEñF=áë=áåÅêÉ~ëáåÖ=E ( ) MñÑ >′ F=Ñçê=~ää=ñ=áå=ëçãÉ=
áåíÉêî~ä= [ )ÄIñ O I=íÜÉå=ÑEñF=Ü~ë=~=äçÅ~ä=ãáåáãìã=~í= Oñ K==
EcáÖKNTTFK=
=

833. pÉÅçåÇ=aÉêáî~íáîÉ=qÉëí=Ñçê=içÅ~ä=bñíêÉã~K=
fÑ= ( ) MñÑ N =′ =~åÇ= ( ) MñÑ N <′′ I=íÜÉå=ÑEñF=Ü~ë=~=äçÅ~ä=ã~ñáãìã=
~í== Nñ K=
fÑ= ( ) MñÑ O =′ =~åÇ= ( ) MñÑ O >′′ I=íÜÉå=ÑEñF=Ü~ë=~=äçÅ~ä=ãáåáãìã=
~í= Oñ K=EcáÖKNTTF=
=

834. `çåÅ~îáíóK==
ÑEñF= áë= = ÅçåÅ~îÉ= ìéï~êÇ= ~í= = Mñ = = áÑ= = ~åÇ= = çåäó= = áÑ= = ( )ñÑ ′ = áë============

áåÅêÉ~ëáåÖ=~í= Mñ =EcáÖKNTTI= ññ P < FK===

ÑEñF= áë= =ÅçåÅ~îÉ= =Ççïåï~êÇ=~í= = Mñ = = áÑ=~åÇ=çåäó= áÑ= = ( )ñÑ ′ = = áë===============

ÇÉÅêÉ~ëáåÖ=~í= Mñ K=EcáÖKNTTI= Pññ < FK===

=
835. pÉÅçåÇ=aÉêáî~íáîÉ=qÉëí=Ñçê=`çåÅ~îáíóK==

fÑ= ( ) MñÑ M >′′ I=íÜÉå=ÑEñF=áë=ÅçåÅ~îÉ=ìéï~êÇ=~í= Mñ K==

fÑ= ( ) MñÑ M <′′ I=íÜÉå=ÑEñF=áë=ÅçåÅ~îÉ=Ççïåï~êÇ=~í= Mñ K=

fÑ= ( )ñÑ ′′ =ÇçÉë=åçí=Éñáëí=çê=áë=òÉêçI=íÜÉå=íÜÉ=íÉëí=Ñ~áäëK=
=

836. fåÑäÉÅíáçå=mçáåíë=
fÑ= = ( )PñÑ ′ = =Éñáëíë==~åÇ== ( )ñÑ ′′ = =ÅÜ~åÖÉë=ëáÖå=~í= Pññ = I= =íÜÉå=

íÜÉ= éçáåí= ( )( )PP ñÑIñ = áë= ~å= áåÑäÉÅíáçå= éçáåí= çÑ= íÜÉ= Öê~éÜ= çÑ=

( )ñÑ K=fÑ= ( )PñÑ ′′ =Éñáëíë=~í=íÜÉ=áåÑäÉÅíáçå=éçáåíI=íÜÉå= ( ) MñÑ P =′′ =

EcáÖKNTTFK=
=

837. i∞eçéáí~ä∞ë=oìäÉ=

( )
( )

( )
( )ñÖ

ñÑ
äáã

ñÖ

ñÑ
äáã

ÅñÅñ ′
′

=
→→

=áÑ= ( ) ( )



∞

==
→→

M
ñÖäáãñÑäáã

ÅñÅñ
K==

=
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8.7 Differential 
=
cìåÅíáçåëW=ÑI=ìI=î=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉW=ñ=
aÉêáî~íáîÉ=çÑ=~=ÑìåÅíáçåW= ( )ñó′ I= ( )ñÑ ′ =
oÉ~ä=Åçåëí~åíW=`=
aáÑÑÉêÉåíá~ä=çÑ=ÑìåÅíáçå= ( )ñÑó = W=Çó=
aáÑÑÉêÉåíá~ä=çÑ=ñW=Çñ=
pã~ää=ÅÜ~åÖÉ=áå=ñW= ñ∆ =
pã~ää=ÅÜ~åÖÉ=áå=óW= ó∆ =
=
=

838. ÇñóÇó ′= =
=

839. ( ) ( ) ( ) ññÑñÑññÑ ∆′+=∆+ =
=

=
=

Figure 178. 



CHAPTER 8.  DIFFERENTIAL CALCULUS 

222 
 

840. pã~ää=`Ü~åÖÉ=áå=ó=
( ) ( )ñÑññÑó −∆+=∆ =

=
841. ( ) ÇîÇìîìÇ +=+ =

=
842. ( ) ÇîÇìîìÇ −=− =

=
843. ( ) `Çì`ìÇ = =

=
844. ( ) ìÇîîÇììîÇ += =

=

845. 
Oî

ìÇîîÇì

î

ì
Ç

−
=








=

=
=
=

8.8 Multivariable Functions 
=
cìåÅíáçåë=çÑ=íïç=î~êá~ÄäÉëW= ( )óIñò I= ( )óIñÑ I= ( )óIñÖ I= ( )óIñÜ ==
^êÖìãÉåíëW=ñI=óI=í=
pã~ää=ÅÜ~åÖÉë=áå=ñI=óI=òI=êÉëéÉÅíáîÉäóW= ñ∆ I= ó∆ I= ò∆ K=
=
=

846. cáêëí=lêÇÉê=m~êíá~ä=aÉêáî~íáîÉë=
qÜÉ=é~êíá~ä=ÇÉêáî~íáîÉ=ïáíÜ=êÉëéÉÅí=íç=ñ=

ñÑ
ñ

Ñ
=

∂
∂

=E~äëç= ñò
ñ

ò
=

∂
∂

FI=

qÜÉ=é~êíá~ä=ÇÉêáî~íáîÉ=ïáíÜ=êÉëéÉÅí=íç=ó=

óÑ
ó

Ñ
=

∂
∂

=E~äëç= óò
ó

ò
=

∂
∂

FK=

=
=
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847. pÉÅçåÇ=lêÇÉê=m~êíá~ä=aÉêáî~íáîÉë=

ññO

O

Ñ
ñ

Ñ

ñ

Ñ

ñ
=

∂
∂

=






∂
∂

∂
∂

I==

óóO

O

Ñ
ó

Ñ

ó

Ñ

ó
=

∂
∂

=







∂
∂

∂
∂

I==

ñó

O

Ñ
ñó

Ñ

ñ

Ñ

ó
=

∂∂
∂

=






∂
∂

∂
∂

I==

óñ

O

Ñ
óñ

Ñ

ó

Ñ

ñ
=

∂∂
∂

=







∂
∂

∂
∂

K==

fÑ=íÜÉ=ÇÉêáî~íáîÉë=~êÉ=ÅçåíáåìçìëI=íÜÉå==

óñ

Ñ

ñó

Ñ OO

∂∂
∂

=
∂∂

∂
K==

=
848. `Ü~áå=oìäÉë==

fÑ= ( ) ( )( )óIñÜÖóIñÑ = =EÖ=áë=~=ÑìåÅíáçå=çÑ=çåÉ=î~êá~ÄäÉ=ÜFI=íÜÉå==

( )( )
ñ

Ü
óIñÜÖ

ñ

Ñ

∂
∂′=

∂
∂

I= ( )( )
ó

Ü
óIñÜÖ

ó

Ñ

∂
∂′=

∂
∂

K==

=

fÑ= ( ) ( ) ( )( )íóIíñÑíÜ = I=íÜÉå= ( )
Çí

Çó

ó

Ñ

Çí

Çñ

ñ

Ñ
íÜ

∂
∂

+
∂
∂

=′ K==

=
fÑ= ( ) ( )( )îIìóIîIìñÑò = I=íÜÉå==

ì

ó

ó

Ñ

ì

ñ

ñ

Ñ

ì

ò

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

I=
î

ó

ó

Ñ

î

ñ

ñ

Ñ

î

ò

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

K==

=
849. pã~ää=`Ü~åÖÉë=

ó
ó

Ñ
ñ

ñ

Ñ
ò ∆

∂
∂

+∆
∂
∂

≈∆ =

=
=
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850. içÅ~ä=j~ñáã~=~åÇ=jáåáã~=
( )óIñÑ =Ü~ë=~=äçÅ~ä=ã~ñáãìã=~í= ( )MM óIñ =áÑ= ( ) ( )MM óIñÑóIñÑ ≤ =

Ñçê=~ää= ( )óIñ =ëìÑÑáÅáÉåíäó=ÅäçëÉ=íç= ( )MM óIñ K==

=
( )óIñÑ =Ü~ë=~=äçÅ~ä=ãáåáãìã=~í= ( )MM óIñ =áÑ= ( ) ( )MM óIñÑóIñÑ ≥ =

Ñçê=~ää= ( )óIñ =ëìÑÑáÅáÉåíäó=ÅäçëÉ=íç= ( )MM óIñ K=

=
851. pí~íáçå~êó=mçáåíë=

M
ó

Ñ

ñ

Ñ
=

∂
∂

=
∂
∂

K=

içÅ~ä=ã~ñáã~=~åÇ=äçÅ~ä=ãáåáã~=çÅÅìê=~í=ëí~íáçå~êó=éçáåíëK=
==

852. p~ÇÇäÉ=mçáåí=
^=ëí~íáçå~êó= =éçáåí= =ïÜáÅÜ= = áë= =åÉáíÜÉê= =~= = äçÅ~ä= =ã~ñáãìã=
åçê=~=äçÅ~ä=ãáåáãìã=
=

853. pÉÅçåÇ=aÉêáî~íáîÉ=qÉëí=Ñçê=pí~íáçå~êó=mçáåíë=

iÉí= ( )MM óIñ =ÄÉ=~=ëí~íáçå~êó=éçáåí=E M
ó

Ñ

ñ

Ñ
=

∂
∂

=
∂
∂

FK==

( ) ( )
( ) ( )MMóóMMóñ

MMñóMMññ

óIñÑóIñÑ

óIñÑóIñÑ
a = K==

=
fÑ= Ma> I= ( ) MóIñÑ MMññ > I== ( )MM óIñ ==áë=~=éçáåí=çÑ=äçÅ~ä=ãáåáã~K=

fÑ= Ma> I= ( ) MóIñÑ MMññ < I== ( )MM óIñ ==áë=~=éçáåí=çÑ=äçÅ~ä=ã~ñáã~K=

fÑ= Ma< I= ( )MM óIñ =áë=~=ë~ÇÇäÉ=éçáåíK=

fÑ= Ma= I=íÜÉ=íÉëí=Ñ~áäëK=
=

854. q~åÖÉåí=mä~åÉ=
qÜÉ=Éèì~íáçå=çÑ=íÜÉ=í~åÖÉåí=éä~åÉ=íç=íÜÉ=ëìêÑ~ÅÉ= ( )óIñÑò = =
~í= ( )MMM òIóIñ =áë==

( )( ) ( )( )MMMóMMMñM óóóIñÑññóIñÑòò −+−=− K=

=
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855. kçêã~ä=íç=pìêÑ~ÅÉ=
qÜÉ=Éèì~íáçå=çÑ=íÜÉ=åçêã~ä=íç=íÜÉ=ëìêÑ~ÅÉ= ( )óIñÑò = =~í=
( )MMM òIóIñ =áë==

( ) ( ) N

òò

óIñÑ

óó

óIñÑ

ññ M

MMó

M

MMñ

M

−
−

=
−

=
−

K=

=
=
=

8.9 Differential Operators 
=

råáí=îÉÅíçêë=~äçåÖ=íÜÉ=ÅççêÇáå~íÉ=~ñÉëW= á
r

I= à
r

I= â
r

=
pÅ~ä~ê=ÑìåÅíáçåë=EëÅ~ä~ê=ÑáÉäÇëFW= ( )òIóIñÑ I= ( )åON ñIIñIñì K =
dê~ÇáÉåí=çÑ=~=ëÅ~ä~ê=ÑáÉäÇW= ìÖê~Ç I= ì∇ =

aáêÉÅíáçå~ä=ÇÉêáî~íáîÉW=
ä

Ñ

∂
∂

=

sÉÅíçê=ÑìåÅíáçå=EîÉÅíçê=ÑáÉäÇFW= ( )oInImc
r

=

aáîÉêÖÉåÅÉ=çÑ=~=îÉÅíçê=ÑáÉäÇW= cÇáî
r

I= c
r
⋅∇ =

`ìêä=çÑ=~=îÉÅíçê=ÑáÉäÇW= cÅìêä
r

I= c
r

×∇ =

i~éä~Åá~å=çéÉê~íçêW= O∇ =
=
=

856. dê~ÇáÉåí=çÑ=~=pÅ~ä~ê=cìåÅíáçå=









∂
∂

∂
∂

∂
∂

=∇=
ò

Ñ
I

ó

Ñ
I

ñ

Ñ
ÑÑÖê~Ç I==









∂
∂

∂
∂

∂
∂

=∇=
åON ñ

ì
II

ñ

ì
I

ñ

ì
ììÖê~Ç K K=

=
857. aáêÉÅíáçå~ä=aÉêáî~íáîÉ=

γ
∂
∂

+β
∂
∂

+α
∂
∂

=
∂
∂

Åçë
ò

Ñ
Åçë

ó

Ñ
Åçë

ñ

Ñ

ä

Ñ
I==
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ïÜÉêÉ=íÜÉ=ÇáêÉÅíáçå=áë=ÇÉÑáåÉÇ=Äó=íÜÉ=îÉÅíçê=

( )γβα ÅçëIÅçëIÅçëä
r

I= NÅçëÅçëÅçë OOO =γ+β+α K==
=

858. aáîÉêÖÉåÅÉ=çÑ=~=sÉÅíçê=cáÉäÇ=

ò

o

ó

n

ñ

m
ccÇáî

∂
∂

+
∂
∂

+
∂
∂

=⋅∇=
rr

=

=
859. `ìêä=çÑ=~=sÉÅíçê=cáÉäÇ=

onm
ñññ

âàá

ccÅìêä
∂
∂

∂
∂

∂
∂

=×∇=

rrr

rr
=

â
ó

m

ñ

n
à

ñ

o

ò

m
á

ò

n

ó

o rrr









∂
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−
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∂
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∂
∂

−
∂
∂
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=
860. i~éä~Åá~å=léÉê~íçê=

O

O

O

O

O

O
O

ò

Ñ

ó

Ñ

ñ

Ñ
Ñ

∂
∂

+
∂
∂

+
∂
∂

=∇ =

=

861. ( ) ( ) MccÅìêäÇáî ≡×∇⋅∇=
rr

=
=

862. ( ) ( ) MÑÑÖê~ÇÅìêä ≡∇×∇= =
=

863. ( ) ( ) ÑÑÑÖê~ÇÇáî O∇=∇⋅∇= =
=

864. ( ) ( ) ( ) ccccÇáîÖê~ÇcÅìêäÅìêä OO
rrrrr

∇−⋅∇∇=∇−= =
=
=
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Chapter  9  

Integral Calculus 
=
=
=
=
cìåÅíáçåëW=ÑI=ÖI=ìI=î=
fåÇÉéÉåÇÉåí=î~êá~ÄäÉëW=ñI=íI=ξ =

fåÇÉÑáåáíÉ=áåíÉÖê~ä=çÑ=~=ÑìåÅíáçåW= ( )∫ ÇññÑ I= ( )∫ ÇññÖ I=£=

aÉêáî~íáîÉ=çÑ=~=ÑìåÅíáçåW= ( )ñó′ I= ( )ñÑ ′ I= ( )ñc′ I=£=
oÉ~ä=Åçåëí~åíëW=`I=~I=ÄI=ÅI=ÇI=â=
k~íìê~ä=åìãÄÉêëW=ãI=åI=áI=à=
=
=

9.1 Indefinite Integral 
=

865. ( ) ( ) `ñcÇññÑ +=∫ =áÑ= ( ) ( )ñÑñc =′ K=

=

866. ( )( ) ( )ñÑÇññÑ =′∫ =

=

867. ( ) ( )∫∫ = ÇññÑâÇññâÑ =

=

868. ( ) ( )[ ] ( ) ( )∫∫∫ +=+ ÇññÖÇññÑÇññÖñÑ =

=

869. ( ) ( )[ ] ( ) ( )∫∫∫ −=− ÇññÖÇññÑÇññÖñÑ =

=

870. ( ) ( ) `~ñc
~

N
Çñ~ñÑ +=∫ =
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871. ( ) ( ) `Ä~ñc
~

N
ÇñÄ~ñÑ ++=+∫ =

=

872. ( ) ( ) ( ) `ñÑ
O

N
ÇññÑñÑ O +=′∫ =

=

873. ( )
( ) ( ) `ñÑäåÇñ
ñÑ

ñÑ
+=

′
∫ =

=
874. jÉíÜçÇ=çÑ=pìÄëíáíìíáçå=

( ) ( )( ) ( )∫∫ ′= ÇííìíìÑÇññÑ =áÑ= ( )íìñ = K=

=
875. fåíÉÖê~íáçå=Äó=m~êíë=

∫∫ −= îÇììîìÇî I==

ïÜÉêÉ= ( )ñì I= ( )ñî =~êÉ=ÇáÑÑÉêÉåíá~ÄäÉ=ÑìåÅíáçåëK==
=
=
=

9.2 Integrals of Rational Functions 
=

876. `~ñ~Çñ +=∫ =

=

877. `
O

ñ
ñÇñ

O

+=∫ =

=

878. `
P

ñ
Çññ

P
O +=∫ =

=

879. `
Né

ñ
Çññ

Né
é +

+
=

+
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9.8 Definite Integral 
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Figure 180. 
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Figure 181. 
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9.9 Improper Integral 
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Figure 184. 
=

1072. fÑ= ( )ñÑ =áë=~=Åçåíáåìçìë=ÑìåÅíáçå=çå= ( ]ÄI∞− I=íÜÉå==

( ) ( )∫∫ ∞−→
∞−

=
Ä

å
å

Ä

ÇññÑäáãÇññÑ K=

=

=
=

Figure 185. 



CHAPTER 9.  INTEGRAL CALCULUS 

255 
 

kçíÉ=W=qÜÉ=áãéêçéÉê=áåíÉÖê~äë=áå=NMTNI=NMTO=~êÉ=ÅçåîÉêÖÉåí=
áÑ= íÜÉ= äáãáíë=Éñáëí=~åÇ=~êÉ=ÑáåáíÉX=çíÜÉêïáëÉ=íÜÉ= áåíÉÖê~äë=~êÉ=
ÇáîÉêÖÉåíK=
=

1073. ( ) ( ) ( )∫∫∫
∞

∞−

∞

∞−

+=
Å

Å

ÇññÑÇññÑÇññÑ =

=

=
=

Figure 186. 
=
fÑ=Ñçê=ëçãÉ=êÉ~ä=åìãÄÉê=ÅI=ÄçíÜ=çÑ=íÜÉ=áåíÉÖê~äë=áå=íÜÉ=êáÖÜí=

ëáÇÉ= ~êÉ= ÅçåîÉêÖÉåíI= íÜÉå= íÜÉ= áåíÉÖê~ä= ( )∫
∞

∞−

ÇññÑ = áë= ~äëç=====

ÅçåîÉêÖÉåíX=çíÜÉêïáëÉ=áí=áë=ÇáîÉêÖÉåíK=
=

1074. ̀ çãé~êáëçå=qÜÉçêÉãë=
iÉí== ( )ñÑ =~åÇ== ( )ñÖ ==ÄÉ==Åçåíáåìçìë==ÑìåÅíáçåë==çå=íÜÉ=ÅäçëÉÇ=
áåíÉêî~ä= [ )∞I~ K= pìééçëÉ= íÜ~í= ( ) ( )ñÑñÖM ≤≤ = Ñçê= ~ää= ñ= áå=
[ )∞I~ K=



CHAPTER 9.  INTEGRAL CALCULUS 

256 
 

• fÑ= ( )∫
∞

~

ÇññÑ =áë=ÅçåîÉêÖÉåíI=íÜÉå= ( )∫
∞

~

ÇññÖ =áë=~äëç=

=====ÅçåîÉêÖÉåíI=

• fÑ= ( )∫
∞

~

ÇññÖ =áë=ÇáîÉêÖÉåíI=íÜÉå= ( )∫
∞

~

ÇññÑ =áë=~äëç=ÇáîÉêÖÉåíK=

=
1075. ̂ ÄëçäìíÉ=`çåîÉêÖÉåÅÉ=

=

fÑ= ( )∫
∞

~

ÇññÑ =áë=ÅçåîÉêÖÉåíI=íÜÉå=íÜÉ=áåíÉÖê~ä ( )∫
∞

~

ÇññÑ =áë=~Äëç-

äìíÉäó=ÅçåîÉêÖÉåíK===
=

1076. aáëÅçåíáåìçìë=fåíÉÖê~åÇ=
iÉí= ( )ñÑ =ÄÉ=~=ÑìåÅíáçå=ïÜáÅÜ=áë=Åçåíáåìçìë=çå=íÜÉ=áåíÉêî~ä==
[ )ÄI~ =Äìí=áë=ÇáëÅçåíáåìçìë=~í= Äñ = K=qÜÉå==

( ) ( )∫∫
ε−

+→ε
=

Ä

~
M

Ä

~

ÇññÑäáãÇññÑ =

=

=
=

Figure 187. 



CHAPTER 9.  INTEGRAL CALCULUS 

257 
 

1077. iÉí= ( )ñÑ =ÄÉ=~=Åçåíáåìçìë=ÑìåÅíáçå=Ñçê=~ää=êÉ~ä=åìãÄÉêë==ñ==áå=
íÜÉ=áåíÉêî~ä== [ ]ÄI~ ==ÉñÅÉéí==Ñçê==ëçãÉ=éçáåí==Å==áå= ( )ÄI~ K=qÜÉå=

( ) ( ) ( )∫∫∫
δ+

+→δ

ε−

+→ε
+=

Ä

Å
M

Å

~
M

Ä

~

ÇññÑäáãÇññÑäáãÇññÑ K=

=

=
=

Figure 188. 
=
=
=

9.10 Double Integral 
=
cìåÅíáçåë=çÑ=íïç=î~êá~ÄäÉëW= ( )óIñÑ I= ( )îIìÑ I=£=

açìÄäÉ=áåíÉÖê~äëW= ( )∫∫
o

ÇñÇóóIñÑ I= ( )∫∫
o

ÇñÇóóIñÖ I=£=

oáÉã~åå=ëìãW= ( )∑∑
= =

∆∆
ã

Ná

å

Nà
àáàá óñîIìÑ =

pã~ää=ÅÜ~åÖÉëW= áñ∆ I= àó∆ =

oÉÖáçåë=çÑ=áåíÉÖê~íáçåW=oI=p==
mçä~ê=ÅççêÇáå~íÉëW= ê I=θ =



CHAPTER 9.  INTEGRAL CALCULUS 

258 
 

^êÉ~W=^=
pìêÑ~ÅÉ=~êÉ~W=p=
sçäìãÉ=çÑ=~=ëçäáÇW=s=
j~ëë=çÑ=~=ä~ãáå~W=ã=
aÉåëáíóW= ( )óIñρ =
cáêëí=ãçãÉåíëW= ñj I= ój =

jçãÉåíë=çÑ=áåÉêíá~W= ñf I= óf I= Mf =

`Ü~êÖÉ=çÑ=~=éä~íÉW=n=
`Ü~êÖÉ=ÇÉåëáíóW= ( )óIñσ =
`ççêÇáå~íÉë=çÑ=ÅÉåíÉê=çÑ=ã~ëëW= ñ I= ó =
^îÉê~ÖÉ=çÑ=~=ÑìåÅíáçåW=µ =
=

1078. aÉÑáåáíáçå=çÑ=açìÄäÉ=fåíÉÖê~ä=
qÜÉ=ÇçìÄäÉ=áåíÉÖê~ä=çîÉê=~=êÉÅí~åÖäÉ= [ ] [ ]ÇIÅÄI~ × =áë=ÇÉÑáåÉÇ=
íç=ÄÉ==

( )
[ ] [ ]

( )∑∑∫∫
= =→∆

→∆
×

∆∆=
ã

Ná

å

Nà
àáàá

Móã~ñ
Mñã~ñ

ÇIÅÄI~

óñîIìÑäáãÇ^óIñÑ
à

á

I==

ïÜÉêÉ= ( )àá îIì =áë=ëçãÉ=éçáåí=áå=íÜÉ=êÉÅí~åÖäÉ=

( ) ( )àNàáNá óIóñIñ −− × I=~åÇ= Nááá ñññ −−=∆ I= Nààà óóó −−=∆ K=

=

=== =
Figure 189. 



CHAPTER 9.  INTEGRAL CALCULUS 

259 
 

qÜÉ=ÇçìÄäÉ=áåíÉÖê~ä=çîÉê=~=ÖÉåÉê~ä=êÉÖáçå=o=áë==

( ) ( )
[ ] [ ]
∫∫∫∫
×

=
ÇIÅÄI~o

Ç^óIñÖÇ^óIñÑ I==

ïÜÉêÉ=êÉÅí~åÖäÉ= [ ] [ ]ÇIÅÄI~ × =Åçåí~áåë=oI==
( ) ( )óIñÑóIñÖ = =áÑ= ( )óIñÑ =áë=áå=o=~åÇ= ( ) MóIñÖ = =çíÜÉêïáëÉK=

=

=
=

Figure 190.  
=

1079. ( ) ( )[ ] ( ) ( )∫∫∫∫∫∫ +=+
ooo

Ç^óIñÖÇ^óIñÑÇ^óIñÖóIñÑ =

=

1080. ( ) ( )[ ] ( ) ( )∫∫∫∫∫∫ −=−
ooo

Ç^óIñÖÇ^óIñÑÇ^óIñÖóIñÑ =

=

1081. ( ) ( )∫∫∫∫ =
oo

Ç^óIñÑâÇ^óIñâÑ I==

ïÜÉêÉ=â=áë=~=Åçåëí~åíK=
=

1082. fÑ= ( ) ( )óIñÖóIñÑ ≤ =çå=oI=íÜÉå= ( ) ( )∫∫∫∫ ≤
oo

Ç^óIñÖÇ^óIñÑ K=

=
1083. fÑ= ( ) MóIñÑ ≥ =çå=o=~åÇ= op⊂ I=íÜÉå=



CHAPTER 9.  INTEGRAL CALCULUS 

260 
 

= ( ) ( )∫∫∫∫ ≤
op

Ç^óIñÑÇ^óIñÑ K=

=

=
=

Figure 191. 
=

1084. fÑ= ( ) MóIñÑ ≥ =çå=o=~åÇ=o=~åÇ=p=~êÉ=åçå-çîÉêä~ééáåÖ=

êÉÖáçåëI=íÜÉå= ( ) ( ) ( )∫∫∫∫∫∫ +=
∪ popo

Ç^óIñÑÇ^óIñÑÇ^óIñÑ K==

eÉêÉ= po∪ =áë=íÜÉ=ìåáçå=çÑ=íÜÉ=êÉÖáçåë=o=~åÇ=pK=
=

=
=

Figure 192. 
=
=



CHAPTER 9.  INTEGRAL CALCULUS 

261 
 

1085. fíÉê~íÉÇ=fåíÉÖê~äë=~åÇ=cìÄáåá∞ë=qÜÉçêÉã=

( ) ( )
( )

( )

∫ ∫∫∫ =
Ä

~

ñè

ñéo

ÇóÇñóIñÑÇ^óIñÑ ==

Ñçê=~=êÉÖáçå=çÑ=íóéÉ=fI==
( ) ( ) ( ){ }ñèóñéIÄñ~öóIño ≤≤≤≤= K=

=

=
=

Figure 193. 
=

( ) ( )
( )

( )

∫ ∫∫∫ =
Ç

Å

óî

óìo

ÇñÇóóIñÑÇ^óIñÑ ==

Ñçê=~=êÉÖáçå=çÑ=íóéÉ=ffI=
( ) ( ) ( ){ }ÇóÅIóîñóìöóIño ≤≤≤≤= K=

=



CHAPTER 9.  INTEGRAL CALCULUS 

262 
 

=
=

Figure 194. 
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íáçå=çÑ=oK==
=

1088. mçä~ê=`ççêÇáå~íÉë=
θ= Åçëêñ I= θ= ëáåêó K==
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Figure 195. 
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Figure 196. 
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Figure 197. 
=
=



CHAPTER 9.  INTEGRAL CALCULUS 

265 
 

1090. ̂ êÉ~=çÑ=~=oÉÖáçå=

( )

( )

∫ ∫=
Ä

~

ñÑ

ñÖ

ÇóÇñ^ =EÑçê=~=íóéÉ=f=êÉÖáçåFK=

=

=
=

Figure 198. 
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Figure 201. 
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j~ëë=çÑ=~=ëçäáÇW=ã==
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Figure 202. 
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Figure 206. 
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Chapter  10  

Differential Equations 
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10.1 First Order Ordinary Differential     
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1169. bñ~Åí=~åÇ=kçåÉñ~Åí=bèì~íáçåë=
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10.2 Second Order Ordinary Differential 
Equations 
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10.3. Some Partial Differential Equations 
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Chapter  11  

Series 
=
=
=
=

11.1 Arithmetic Series 
=
fåáíá~ä=íÉêãW= N~ =
kíÜ=íÉêãW= å~ =
aáÑÑÉêÉåÅÉ=ÄÉíïÉÉå=ëìÅÅÉëëáîÉ=íÉêãëW=Ç=
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11.2 Geometric Series 
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11.3 Some Finite Series 
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11.4 Infinite Series 
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11.7 Alternating Series 
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11.9 Differentiation and Integration of Power 
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11.10 Taylor and Maclaurin Series 
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11.11 Power Series Expansions for Some 
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11.12 Binomial Series 
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Chapter  12  

  Probability 
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=
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